Lie algebras, Representations, and Analytic Semigroups

through Dual Vector Fields

Philip Feinsilver Southern Illinois University Carbondale, Illinois USA

CIMPA-UNESCO-VENEZUELA School Mérida, Venezuela Jan-Feb 2006

Table of Contents

Introduction

Chapter 1 Coherent State Representations: Operators and Duality

I. Simple Fock Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 II. Coherent states and CSR’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 III. Appell families . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 IV. References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

Chapter 2 Lie Algebras: Representations and Groups

I. Enveloping algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 II. Dual Representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 III. Matrix elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .24 IV. References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Chapter 3 Dual Vector Fields

I. DVFs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 II. Flow of a dual vector field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 III. Canonical polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 IV. References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

Chapter 4 Polynomials

I. Orthogonal families . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 II. Appell states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 III. Canonical polynomials from Lie algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 IV. References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

Chapter 5 Jacobians

I. Adjoint group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 II. Jacobians of the group law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 III. Three classes of operators for any Lie algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 IV. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 V. References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Acknowledgments

References

Index

Introduction

We want to present the basics of a new point of view in a variety of areas using the idea of Dual Vector Fields. These topics include operator calculus, representations of Lie algebras, analytic semigroups, and probability semigroups.

Ph. Feinsilver Feb. 2006

1 Coherent State Representations:

Operators and Duality

Let us start with the basics of operators and duality with some examples relating to probability theory.

I. Simple Fock Spaces

We have a vector space H with a basis {ψ_n}_{n≥0}. Throughout, our scalars will be C, the complex numbers, or alternatively, we restrict to R, the real numbers.

The Dirac notation writes ψ_n = | n ⟩, called “ket”, where the label n is the eigenvalue of an operator on H. In this case, it is the number operator, N , N ψ_n = n ψ_n. In other words, N is diagonal in this basis with eigenvalues {0, 1, 2, . . .}. In realizing these as functions, it is convenient to label them according to the number of underlying variables. For d variables, { x_1, . . . , x_d }, we write the basis as ψ_n = ψ_{n1,...,nd} = | n_1, . . . , n_d ⟩, so that n denotes the corresponding multi-index (n_1, . . . , n_d), with number operators N_iψ_n = n_i ψ_n. Then N = ∑ i N_i acts as N ψ_n = |n| ψ_n, the total degree of ψ_n. The state | 0 ⟩ is called the vacuum state, is often denoted by Ω, and is mapped to the zero vector by all lowering operators.

1.1 RAISING AND LOWERING OPERATORS

For a single index, introduce raising and lowering operators, R and V.

R | n ⟩ = | n + 1 ⟩, V | n ⟩ = n| n − 1 ⟩

Think of going from x^n → x^{n+1} by multiplying by x, and correspondingly from x^n → nx^{n−1} by differentiation. The specific operators analogous to differentiation are denoted by V’s and referred to as velocity operators as “lowering operator” refers more generally to any operator lowering the degree. For d variables, we have

R_i | n ⟩ = | n + e_i ⟩ = | n_1, . . . , n_i + 1, . . . , n_d ⟩, V_i | n ⟩ = n_i| n − e_i ⟩

where e_i is a vector of 0’s except for a 1 in the i^{th} spot.

1.2 LIE ALGEBRAS

A Lie algebra, g, is an algebra where the multiplication, denoted by brackets [a, b], satisfies [a, a] = 0 and the Jacobi identity

[a, [b, c]] + [c, [a, b]] + [b, [c, a]] = 0

In our case, we will use the Lie product given by [a, b] = ab − ba, the commutator on an associative algebra.

A representation of g is a realization of g where the elements are given as linear maps on a vector space and the Lie product maps to the commutator. The action of a as a linear map on g given by b → [a, b] is the adjoint representation, the mapping written as

(ad a)(b) = [a, b]

Typically a Lie algebra is specified by prescribed commutation relations on a basis. Elements a and b commute if [a, b] = 0. Commutation relations between commuting elements are not explicitly indicated.

Throughout, we will use { ξ_1, ξ_2, . . . , ξ_d } as the basis for a d-dimensional Lie algebra. Then the Lie algebra is determined by the linear maps

(ad ξ_k)(ξ_j) = [ξ_k, ξ_j] = ∑ i c^i_{kj} ξ_i

The coefficients c^i_{kj} are called the structure constants of the Lie algebra. These determine matrices of the adjoint representation, which we denote by ξ̌_k,

(ξ̌_k)_{ij} = c^i_{kj}

The fact that this is a representation follows from the Jacobi identity.

We work mainly with operators acting on polynomials and by extension to holomorphic functions defined in some given neighborhood of 0, which we call locally holomorphic functions. Alternatively, we can use formal power series. We refer to these three classes of objects as “suitable functions”.

The Heisenberg-Weyl algebra is given by the commutation rule

[ξ_3, ξ_1] = ξ_2

where it is implicit that ξ_2 is in the center, i.e., it commutes with ξ_1 and ξ_3. A matrix representation of the HW algebra is

ξ_1 =

0 0 0 0 0 1 0 0 0

, ξ_2 =

0 0 1 0 0 0 0 0 0

, ξ_3 =

0 1 0 0 0 0 0 0 0

Note that the adjoint representation is different:

ξ̌_1 =

0 0 0 0 0 −1 0 0 0

, ξ̌_2 =

0 0 0 0 0 0 0 0 0

, ξ̌_3 =

0 0 0 1 0 0 0 0 0

1.3 REPRESENTATIONS OF HW Now, notice that, for one variable, R and V acting on the vectors | n ⟩ satisfy [V, R] = I, where I is the identity operator, i.e., (VR − RV)| n ⟩ = (n + 1 − n)| n ⟩ = | n ⟩ And I commutes with all operators. So this is a representation of the HW algebra. Remark. We will usually identify a multiple of the identity operator, say, cI, with the number c.

Let’s use the realization of operators on polynomials as follows. We denote X operator of multiplication by x, D differentiation with respect to x The basis is | n ⟩ = x^n, with | 0 ⟩ = 1. For polynomials in d variables, we have correspondingly X_i as multiplication by x_i and D_i partial differentiation with respect to x_i. Note the commutation relations [D_j , X_i] = δ_{ij} I which prescribe the d-dimensional HW algebra. Any family of operators { R_i, V_j } satisfying analogous commutation relations are called boson operators in quantum probability. Note that any Lie algebra may be realized using first-order differential operators, vector fields, by the mapping, ξ_i ↔ X_λc^λ_{iμ}D_μ called the Jordan map.

Notation. Our summation convention is: Greek indices are always summed. When we have specific realizations of R’s and V’s acting on polynomials or spaces of functions, we denote the corresponding operators by R’s and V ’s. 1.4 EXAMPLES IN PROBABILITY THEORY Interesting examples are available from probability theory. We look at the moment polynomials arising from a distribution and we look at certain families of orthogonal polynomials for some probability distributions.

1.4.1 Gaussian

Let p_t(dx) = e^{−x2 /(2t)} √ 2πt dx be the Gaussian density with mean zero, variance t > 0. Defin- ing h_n(x) =

∫_∞ −∞ (x + y)^n p_t(dy) =

∫_∞ −∞ (x + y √ t)^np_1(dy) (1.4.1.1)

we write this, using angle brackets to denote expected value, as

⟨(x + X_t)^n⟩

where X_t is the corresponding Gaussian variable.

One sees that V = D, i.e., Dh_n = n h_{n−1}. The raising operator, R, is no longer X, but, in fact, is R = X + tD. This can be written as a recurrence formula. Another way to think of it as a realization of X in terms of R and V . From X = R − tD = R − tV we have

x h_n = h_{n+1} − tn h_{n−1}

It turns out that a family of Hermite polynomials is orthogonal with respect to this distribution. They are given by

H_n(x) =

∫_∞ −∞ (x + iy)^n p_t(dy)

where i = √ −1. From the second formulation in equation (1.4.1.1), we see that one has replaced t → −t. Thus, R = X − tD, V = D for the Hermite polynomials. The recurrence is thus

x ψ_n = h_{n+1} + tn h_{n−1}

which is the three-term recurrence a family of orthogonal polynomials must satisfy.

Notice that R^∗ = tV , the operator adjoint to R with respect to the inner product

⟨f, g⟩ =

∫_∞ −∞ f(y)g(y) p_t(dy)

on polynomials or smooth functions with derivatives in L^2(R) of the corresponding Gaussian measure.

1.4.2 Poisson

Now consider the Poisson distribution, with

p_t(x) = e^{−t} t^x x! for integer x ≥ 0. The Poisson-Charlier polynomials are orthogonal with respect to this Poisson distribution. They have generating function

G(v) = G(v; x, t) = (1 + v)^x e^{−vt} = ∑ n≥0 v^n n! P_n(x, t)

Verifying that ⟨G(v)G(w)⟩ is a function of vw alone shows that the polynomials P_n are indeed orthogonal. We have the difference operator expressed in terms of D by (e^D − 1)f(x) = f(x + 1) − f(x) on polynomials (in general, suitable functions). Notice the duality “multiplication by v” and the lowering operator V P_n = nP_{n−1}. Acting on G, we see that V = e^D − 1. The raising operator R is dual to differentiation with respect to v. In other words, the operators V, R are given by transferring the action of the HW representation “multiplication by v, differentiation with respect to v” via the generating function G to the sequence { P_n }. We must express the result of differentiating with respect to v in terms of X and D. Noting that 1 1 + V

= e^{−D}

we find the HW representation R = Xe^{−D} − tI, V = e^D − I Solving, we find X = (R + t)(1 + V ) = t + R + RV + tV Note that RV is the number operator. Thus the recurrence formula

xP_n = P_{n+1} + (n + t)P_n + ntP_{n−1}

1.4.3 Analytic HW realizations To see why we expect that [V, R] = I from the above formulas, we first note that for any polynomial f(x), inductively it follows that [V, f(R)] = f^′(R) acting on kets. Dually, [f(V ), R] = f^′(V ). So the analogous formulas hold for all boson operators. These extend to suitable functions f. In particular, if V (z) denotes a locally holomorphic function, such that V (0) = 0, V^′(0) ≠ 0, we define canonical boson operators associated to V by R = XW (D), V = V (D) where W (D) = V^′(D)^{−1}, a notation to be used consistently throughout. The vacuum for the representation is the function equal to 1.

1.5 RAISING AND LOWERING OPERATORS REVISITED

We always have the actions of R and V the same as the corresponding actions of the abstract operators R and V, so we will use them interchangeably. The question is to express various operators in the representation of the Lie algebra in terms of R’s and V ’s. In particular, of interest is the operator L, the adjoint of R, with respect to the inner product of the L^2 space of the underlying measure.

The properties of these operators are determined by the squared norms. Let Lψ_n = b_nψ_{n−1}. Then the condition L = R^∗ yields ⟨ψ_n, ψ_n⟩ = γ_n = b_nγ_{n−1} With ‖Ω‖^2 = 1, b_0 = 0, we get γ_n = b_1b_2 · · · b_n From the Gaussian example, we have R = X − tD, L = tD. Thus, the squared norms are ‖H_n‖^2 = t^n n!.

II. Coherent states and CSR’s

The techniques we use are based on dualizing the action of operators through a generating function. For the HW algebra, the basic generating function is the exponential. Borrowing terminology from quantum physics, we call the generating function ψ_v = e^{vR}Ω a coherent state. To get an inner product space, let ⟨ψ_n, ψ_m⟩ = δ_{mn}n!

That is, γ_n = n!. In this way, we have ⟨Rψ_n, ψ_m⟩ = ⟨ψ_n, V ψ_m⟩, i.e., R and V are adjoint with respect to the inner product.

Note that V ψ_v = V e^{vR}Ω = e^{vR}V Ω + [V, e^{vR}]Ω = ve^{vR}Ω = vψ_v Thus, on ψ_v we have Rψ_v = ∂ ∂v ψ_v, V ψ_v = v ψ_v

rendering the duality R ↔ differentiation, V ↔ multiplication. Multiplying by v^m/m! and summing gives ⟨ψ_n, ψ_v⟩ = v^n. Multiplying by w^n/n! and summing gives the inner product of coherent states ⟨ψ_w, ψ_v⟩ = Υ_{wv} = e^{wv} This function is called the Leibniz function as it embodies the Leibniz rule for differentiating the product of functions. It satisfies the partial differential equation ∂Υ ∂w = ⟨Rψ_w, ψ_v⟩ = v Υ (2.1)

which is another way of expressing that the adjoint of R on this space is V .

2.1 CSR’S FOR HW The coherent state representation of an operator Q, say, is defined by

⟨Q⟩_{wv} =

⟨ψ_w, Qψ_v⟩ ⟨ψ_w, ψ_v⟩ For the Gaussian case, we have R = X − tD, L = tD. Proceeding as above, we have Υ_{wv} = ⟨e^{wR}Ω, e^{vR}Ω⟩ = e^{twv} Differentiating with respect to v yields the CSR of R, differentiating with respect to w yields the CSR of L. We find ⟨R⟩_{wv} = tw, ⟨L⟩_{wv} = tv The partial differential equation, cf. equation (2.1), ∂Υ ∂w = tvΥ

is another way to see that L = tV .

2.2 REPRESENTATIONS OF SL(2)

A second basic example is given by the Lie algebra sl(2) of 2 × 2 matrices with zero trace. The basis given by R = ( 0 1 0 0 ) , ρ = ( 1 0 0 −1 ) , Δ = ( 0 0 −1 0 )

satisfies the commutation relations [Δ, R] = ρ, [ρ, R] = 2R, [Δ, ρ] = 2Δ An operator realization is given on functions of d variables:

Δ =^1_2

∑ ∂2

∂x^2_j

, R =^1_2 ∑ x^2_j , ρ = ∑ x_j ∂ ∂x_j + d 2 so that Δ is one-half times the Laplacian acting on radial functions and ρ is a variation on the number operator.

The basis vectors for the representation space are ψ_n = R^nΩ, with ΔΩ = 0, ρΩ = cΩ, for some scalar c. Inductively we find the commutation rule [Δ, R^n] = n(ρ + n − 1)R^{n−1} Applying this to Ω yields Δψ_n = n(c + n − 1)ψ_{n−1}

2.3 COHERENT STATES AND CSR’S FOR SL(2)

Taking Δ as lowering operator L, we have L = cV + RV^2 and the squared norms ‖ψ_n‖^2 = n!(c)_n Proceeding as before, we have, with ψ_v = e^{vR}Ω, ⟨ψ_n, ψ_v⟩ = (c)_nv^n Multiplying by w^n/n! and summing gives the Leibniz function Υ_{wv} = (1 − wv)^{−c} This satisfies the partial differential equation ∂Υ ∂w = cvΥ + v^2 ∂Υ ∂v corresponding to the lowering operator cV + RV^2.

It is useful to denote the operators of the representation as Δ̂, ρ̂, R̂. So for the Lie algebra we have R̂ = R and Δ̂ = cV + RV^2. Then, ρ̂ = [Δ̂, R̂] = c + 2RV We use this relation to find the CSR of ρ̂, converting it via (c + 2RV )ψ_v = (c + 2v ∂ ∂v )ψ_v to ⟨ρ⟩_{wv} = c + 2v Υ ∂Υ ∂v Differentiating, we find directly the CSR’s of R̂ and Δ̂. Thus, ⟨R⟩_{wv} = cw 1 − wv

, ⟨ρ⟩_{wv} = c

1 + wv 1 − wv

, ⟨L⟩_{wv} = cv 1 − wv

III. Appell families

In one variable, Appell systems {h_n} are typically defined by these properties:

h_n(x) is a polynomial of degree n, n ≥ 0 Dh_n(x) = n h_{n−1}(x) For N ≥ 1, we have analogously

h_n(x) is a polynomial of degree n, n ≥ 0 D_j h_n(x) = n_j h_{n−ej} (x)

(3.1)

where degree n means that the polynomial has top term x^n and other terms are of lower (total) degree. The condition on the degree is a non-degeneracy assumption that will become clear below.

Let {h_n(x)} be an Appell system. Let

F (z, x) = ∑ n≥0 z^n h_n(x)/n!

be a generating function for this system. The basic property (3.1) implies ∂F ∂x_i

= z_i F (3.2)

In general we have the form F (z, x) = e^{z·x} G(z) The expansion G(z) = ∑ n≥0 z^n c_n/n! yields

h_n(x) = ∑ m≥0 ( n m ) c_mx^{n−m}

as a generic expression for Appell polynomials . The condition on the degree gives us c_0 ≠ 0, i.e., G(0) ≠ 0.

Next we notice that (3.2) may be read from right to left, i.e., multiplication by z_i acts as differentiation D_i. Now consider the action of ∂/∂z_j: ∂F ∂z_j = ∑ n≥0 z^n h_{n+ej} (x)/n!

i.e., ∂/∂z_j acts as a raising operator: h_n → h_{n+ej} . With G(0) ≠ 0 we can locally express G(z) = e^{H(z)} so that F takes the form

F (z, x) = e^{z·x+H(z)} where we normalize by G(0) = 1, H(0) = 0. The operators D_j and ∂/∂z_j satisfy

D_j F = z_j F, ∂F ∂z_j = ( x_j + ∂H ∂z_j ) F Thus, X_j denoting the operator of multiplication by x_j ,

h_{n+ej} = ( X_j + ∂H ∂D_j ) h_n

In summary, 3.1 Theorem. For Appell systems, given H(z) an arbitrary function holomorphic in a

neighborhood of 0, the boson calculus is given by R_i = X_i + ∂H ∂D_i

, V_i = D_i, with states

| n ⟩ = h_n. The h_n have the generating function

e^{z·R} | 0 ⟩ = e^{z·x+H(z)} = ∑ n≥0 z^n n! h_n(x)

3.1 EVOLUTION EQUATION AND HAMILTONIAN FLOW

Now consider the evolution equation ∂u ∂t = H(D)u , u(x, 0) = e^{z·x}

with H locally holomorphic, as in the above discussion. We find

u(x, t) = e^{tH(D)} e^{z·x} = e^{z·x+tH(z)}

and expanding in powers of z, we have the Appell system

h_n(x, t) = e^{tH(D)} x^n

Note that in the previous section the t is absorbed into the H, alternatively, set to 1. The h_n satisfy ∂u/∂t = H(D)u with polynomial initial condition u(x, 0) = x^n. Thus, we see Appell systems as evolved powers. The monomials x^n are built by successive multiplication by x_j , which we denote by the operators X_j: X_jx^n = x^{n+ej} . Here we conjugate by the flow e^{tH} :

h_{n+ej} = ( e^{tH} X_je^{−tH} ) e^{tH} x^n = e^{tH} x^{n+ej}

I.e., the raising operator is given by R = e^{tH} Xe^{−tH} . By the holomorphic operator calculus we have [e^{tH} , X_j] = t(∂H/∂D_j)e^{tH} , so that

R_j = X_j + t ∂H ∂D_j

as we have seen previously (for t = 1).

The mapping (X, D) → (R, V ) is given by the Heisenberg-Hamiltonian flow

R = e^{tH} Xe^{−tH} , V = e^{tH} De^{−tH}

which induces an automorphism of the entire Heisenberg-Weyl algebra. As t varies, writing X(t) for R, we have the Heisenberg-Hamiltonian equations of motion (suppressing subscripts) Ẋ = [H, X] = ∂H ∂D , Ḋ = [H, D] = − ∂H ∂X where in the case H = H(D), D remains constant so that V = D.

3.2 STOCHASTIC FORMULATION

Suppose that H comes from a family of probability measures p_t with corresponding random variables X_t by Fourier-Laplace transform as follows:

⟨e^{z·Xt} ⟩ = ∫ e^{z·x} p_t(dx) = e^{tH(z)} (3.2.1)

with H(0) = 0 here corresponding to the fact that the measures integrate to 1. Then

e^{z·x+tH(z)} = ∫ e^{z·(x+u)} p_t(du) and h_n(x, t) = ∫ (x + u)^np_t(du) = ⟨(x + X_t)^n⟩ (3.2.2)

are moment polynomials.

3.2.1 Proposition. In the stochastic case,

h_n(x, t) = ∑ m≥0 ( n m ) μ_m(t)x^{n−m}

where μ_m(t) are moments of the probability measure p_t.

Proof: Expand out equation (3.2.2).

The probability measures satisfying eq. (3.2.1) form a convolution family: p_t ∗ p_s = p_{t+s}, with the X_t a corresponding stochastic process. In this sense, we see the h_n(x, t) as averages of the evolution of the functions x^n along the paths of the stochastic process X_t. Remark. Unless the measures p_t are infinitely divisible, one will not be able to take t to be a continuous variable. But in any case, we always have Appell systems, analytic in t. What can be guaranteed is that if e^{H(z)} = ∫ e^{z·x} p(dx) then this extends to the discreteparameter process for integer-valued t ≥ 0. For other values of t, the corresponding measures will not necessarily be probability measures, i.e., positivity may not hold.

3.3 CANONICAL SYSTEMS The principal feature of (X, D) in the construction of Appell systems is that they are boson variables. We can make Appell systems starting from any canonical pair (Y, V ), Y = XW , and evolve under the Heisenberg-Hamiltonian flow Ẏ = [H, Y ] , V̇ = [H, V ] For H = H(D), V = V (D) is invariant, while, writing H^′ = (∂H/∂D_1, . . . , ∂H/∂D_N ), R = Y (t) = e^{tH} Xe^{−tH} W (D) = (X + tH^′)W = Y + tH^′W

(3.3.1)

The canonical Appell system is thus h_n(x, t) = e^{tH} y_n(x). 3.3.1 Theorem. For canonical Appell systems, we have:

1. The generating function e^{v·R} | 0 ⟩ = e^{x·U(v)+tH(U(v))} = ∑ n≥0 v^n n! h_n(x, t)

2. The relation e^{V (z)·R} | 0 ⟩ = e^{z·x+tH(z)} 3. The form of X X = RV^′ − tH^′

Proof: The first relation comes by applying e^{tH(D)} to the generating function for the y_n e^{tH} e^{x·U(v)} = e^{x·U(v)+tH(U(v))} on the one hand, which is then the generating function for h_n(x, t) = e^{tH} y_n(x). Relation #2 follows from #1 by replacing v = V (z). For #3, recall eq. (3.3.1), R = (X + tH^′)W = (X + tH^′)(V^′)^{−1} Solving for X yields the result.

IV. References The main reference for these notes is the 3-volume work [13], [12], [11]. Overall references:

The operator calculus approach we use is very close in spirit to that developed by Rota [21] under the general term “umbral calculus, ” see [7]. Lie algebras and Lie groups in general: [15], [5], and [6]. Mathematical physics: [16] and [2].

Group theory and special functions: [17] is a must. Coherent states: [19] gives a general approach The coherent state representation is based on Berezin quantization, see [4]. Connections of our work to that of Hua [14] merits exploration.

2 Lie Algebras: Representations and Groups

I. Enveloping algebras

We are given a Lie algebra g with basis { ξ_1, . . . , ξ_d }. Originally we considered representations on the space generated by raising operators R_i, which commute. More generally, we can take the algebra generated by all of the elements ξ_i and find the action of g on that space. The Poincaré-Birkhoff-Witt theorem says that there is an associative algebra with basis vectors given by ordered monomials

| n ⟩ = ξ^n = ξ^{n1}_1 · · · ξ^{nd}_d

on which g acts. If there are no other relations imposed besides the defining commutation relations of the algebra, this yields the universal enveloping algebra, U(g). For any representation of g as linear maps, the algebra they generate is the associated enveloping algebra. In general, the corresponding monomials will no longer be linearly independent.

Take, for example, the HW algebra with basis {Q, H, P }, where we may have, e.g., Q = X, P = tD, H = tI. Then, for U(g)), we have the basis elements

| l, m, n ⟩ = Q^lH^mP^n

By induction, we find [P, Q^l] = lQ^{l−1}H. Thus, the representation

Q̂| l, m, n ⟩ = | l + 1, m, n ⟩ Ĥ| l, m, n ⟩ = | l, m + 1, n ⟩ P̂ | l, m, n ⟩ = | l, m, n + 1 ⟩ + l| l − 1, m + 1, n ⟩

(1.1)

We now want to use duality techniques to see how multiplication by the basis elements ξ_i on U(g) looks. Form the generating function

g(A) = ∑ n≥0 A^n n! ξ^n = ∑ n_1,n_2,...,n_d

(A_1ξ_1)^{n1} n_1!

· · ·

(A_dξ_d)^{nd} n_d!

= e^{A1ξ1} · · · e^{Adξd} (1.2)

This is an element of the group G generated by g, as it is a product of the one-parameter subgroups generated by the basis elements.

The group law is written in terms of the variables A as

g(A)g(A^′) = g(A ⊙ A^′)

Example. For the HW group we have, using the 3 × 3 matrix representation

e^{A1ξ1} =

1 0 0 0 1 A_1 0 0 1

, e^A2^ξ2 =

1 0 A_2 0 1 0 0 0 1

, e^A3^ξ3 =

1 A_3 0 0 1 0 0 0 1

Multiplying these gives g(A) =

1 A_3 A_2 0 1 A_1 0 0 1

. Multiplying

g(A)g(B) =

1 A_3 + B_3 A_2 + B_2 + A_3B_1 0 1 A_1 + B_1 0 0 1

which, comparing with the form of g(A) yields the group law

(A ⊙ B)_1 = A_1 + B_1 (A ⊙ B)_2 = A_2 + B_2 + A_3B_1 (A ⊙ B)_3 = A_3 + B_3

We introduce the boson operators R_i, V_j acting on the basis as

R_i| n ⟩ = | n + e_i ⟩, V_i| n ⟩ = n_i| n − e_i ⟩

The idea is to express the elements of g in terms of R’s and V ’s.

In this Chapter, X will denote a general element of g, with coefficients {α_i},

X = α_μξ_μ

The operator of multiplication by x we will identify with x.

1.1 ADJOINT REPRESENTATION OF THE GROUP

The adjoint representation of the algebra extends to the group by exponentiating the corresponding matrices. Let Y and X denote any two elements of the Lie algebra. Then

e^{AY} Xe^{−AY} = e^{A ad Y} X

To see this, observe that u = e^{AY} Xe^{−AY} satisfies ∂u ∂A = Y u − uY = (ad Y )u with initial condition u(0) = X. We can express this as the series expansion

e^{AY} Xe^{−AY} = X + ∑ n≥1 A^n(ad Y )^n n! X

If X is written as a linear combination of basis elements ξ_i, then we get an expression of the form C_μ(A)ξ_μ. Specifically, to extend the adjoint representation to the group, we have functions C^i_{kj} (A) determined by

e^{Aξk} ξ_j e^{−Aξk} = C^1_{kj} (A)ξ_1 + C^2_{kj} (A)ξ_2 + · · · + C^d_{kj} (A)ξ_d = C^μ_{kj} (A)ξ_μ The functions C^i_{kj} (A) extend the structure constants of the Lie algebra to the adjoint group. We denote the corresponding matrices by Č_k(A), so that (Č_k(A))_{ij} = C^i_{kj} (A) Note that Č_k(0) is the identity matrix for every k.

Example. For the HW algebra, we have (ad P )(Q) = H, (ad P )^2(Q) = [P, H] = 0. Thus, e^{AP} Qe^{−AP} = Q + AH For any suitable f, e^{AP} f(Q)e^{−AP} = f(Q + AH) Acting on the vacuum with P Ω = 0, HΩ = 1, QΩ = x, we get P acting as a translation operator e^{AP} f(x) = f(x + A) since Q and H commute, we may iteratively calculate e^{AP} Q^nΩ = (x + A)^nΩ. Example. Introduce the affine algebra, aff(2), having basis elements ξ_1, ξ_2 satisfying commutation relation [ξ_2, ξ_1] = ξ_1. For example, we may take ξ_1 = x, multiplication by x, ξ_2 = xD, the number operator. We have

e^{Aξ2} ξ_1e^{−Aξ2} = ξ_1 + Aξ_1 +

A^2 2 ξ_1 + · · · = e^Aξ_1

I.e., we have the formula e^{A xD}x e^{−A xD} = e^Ax Raising both sides to the n^{th} power, we have, for suitable functions f, e^{A xD}f(x)e^{−A xD} = f(e^Ax)

Applying this to the vacuum, 1, we get the action e^{A xD}f(x) = f(e^Ax) Denoting λ = e^A shows that xD generates the dilation group λ^{xD}f(x) = f(λx)

Example. For sl(2), we have [Δ, R] = ρ, so (ad Δ)^2(R) = 2Δ. Thus, e^{AΔ}Re^{−AΔ} = R + Aρ + A^2Δ On the vacuum with ΔΩ = 0, RΩ = x, ρΩ = cΩ, we get e^{AΔ}f(x) = f(R + Aρ + A^2Δ)Ω The action is not immediate as the elements do not commute. This is one of the motivations behind the splitting technique developed in this Chapter.

Example. Method of characteristics. An important case is the flow of a vector field. Write X = π_μ(x) ∂ ∂x_μ

, where π_i(x) are locally analytic functions. Note that X1 = 0. Let

x_i(t) = e^{tX} x_i e^{−tX} Then for suitable functions f, f(x(t)) = e^{tX} f(x)e^{−tX} Thus the solution to ∂u ∂t = Xu, u(0) = f(x) is given by u = e^{tX} f(x) = f(x(t))1 Observe that, in fact, (ad X)f(x) = [X, f(x)] = π_μ(x)[D_μ, f(x)] = Xf(x) is a function, i.e., no derivative operators are involved. Iterating, we get f(x(t)) = e^{tX} f(x) = f(x(t))1 as a function of x and t. And ẋ_i(t) = e^{tX} [X, x_i]e^{−tX} = e^{tX} π_i(x)e^{−tX} = π_i(x(t)) holds for x_i(t) as functions of x and t. These equations ẋ = π(x) are the characteristic equations for the flow generated by X. They are solved with initial conditions x_i(0) = x_i.

II. Dual Representations

Now we will find realizations of the Lie algebra as vector fields acting on functions of the coordinates A_i. 2.1 PI-MATRICES To get the action of g on the enveloping algebra, we define left and right multiplication operators acting on the generating function, group element, g according to ξ_ig = ξ‡_i g, gξ_i = ξ^∗_i g where now ξ‡_i and ξ^∗_i are to be expressed in terms of the variables A_i and the corresponding partial differentiation operators ∂_i.

One approach is to start with the action of the operators ∂_i on g. We think of ξ and ξ‡ as row vectors with components ξ_i and ξ‡_i respectively. Then, we can write e^{Aξi} ξ_je^{−Aξi} = ξ_μC^μ_{ij} (A) = (ξČ_i(A))_j First, ∂_1g = ξ‡_1 . Next, ∂_2g = e^{A1ξ1} ξ_2e^{A2ξ2} · · · e^{Adξd} = e^{A1ξ1} ξ_2e^{−A1 ξ1} e^{A1ξ1} e^{A2ξ2} · · · e^{Adξd} = (ξ‡Č_1(A_1))_2 g For ∂_3 we find ∂_3g = (ξ‡Č_1(A_1)Č_2(A_2))_3 And so on. We write Π‡_{1i}(A) = δ_{i1}, Π‡_{2i}(A) = Č_1(A_1)_{i2}, Π‡_{3i}(A) = (Č_1(A_1)Č_2(A_2))_{i3} . . .

Generally, ∂_i = (ξ‡Č_1(A_1)Č_2(A_2)Č_3(A_3) . . . Č_{k−1}(A_{k−1}))_i = Π‡_{iμ}(A)ξ‡_μ We can write these in terms of column vectors ∂ = (∂_1, ∂_2, . . . , ∂_d) and ξ‡ as ∂ = Π‡(A)ξ‡

Recalling that all of the Č’s are the identity at A = 0, there is a neighborhood of the identity of the group where Π‡(A) is invertible. The inverse of Π‡(A) is the pi-matrix π‡(A). We thus have the left-dual vector fields

ξ‡_i = π‡(A)_{iμ}∂_μ Similarly, we can convert ∂_i in terms of multiplying g on the right by ξ_i’s , progressively pulling across the exponentials ending with e^{Adξd} , converting the adjoint actions into matrices Č_j (−A_j ). We see that there is the pi-matrix π^∗(A) defining the right-dual vector fields ξ^∗_i = π^∗(A)_{iμ}∂_μ The right dual mapping ξ → ξ^∗ gives a Lie homomorphism, i.e., [ξ_i, ξ_j]^∗ = [ξ^∗_i , ξ^∗_j ], while the action on the left reverses the order of operations, giving a Lie antihomomorphism [ξ_i, ξ_j]‡ = [ξ‡_j , ξ‡_i ]. An important feature is that the left and right actions commute. Thus, as vector fields, every ξ‡_i commutes with every ξ^∗_j .

2.2 SPLITTING LEMMA

As a vector space with basis {ξ_1, . . . , ξ_d}, a typical element of g has the form X = α_μξ_μ. The α_i are called coordinates of the first kind. The variables { A_i } are coordinates of the second kind.

For the one-parameter subgroup generated by X we have e^{tX} = e^{A1 (t)ξ1} e^{A2(t)ξ2} · · · e^{Ad(t)ξd} = g(A(t)) When t = 1, we have the coordinate mapping α ↔ A corresponding to the relation e^X = g(A) = e^{A1(α)ξ1} e^{A2(α)ξ2} · · · e^{Ad(α)ξd} Writing the group element g(A) in terms of coordinates of the second kind, we have effectively factorized, “split”, the exponential into a product of one-parameter subgroups. Thus the lemma relating the two types of coordinates is called the splitting lemma. In fact, the factorization corresponds to the right and left dual vector fields and the flow of the group (composition) law. To see this, consider the left dual: X g(A) = X^‡g(A) = α_λπ^‡_{λμ}∂_μ g(A)

Denote α = (α_1, . . . , α_d), so that tα = (tα_1, . . . , tα_d) for a real parameter t. Note that A(t) = A(tα) as X → tX maps α → tα.

Now let x(t) = A(tα) ⊙ A denote the ‘flow of the group law’, for t in some neighborhood of 0. And g(x(t)) = g(A(tα))g(A) = e^{tX} g(A) = e^{x1 (t)ξ1} e^{x2 (t)ξ2} · · · e^{xd(t)ξd} . Let’s differentiate with respect to t. d dt g(x(t)) = e^{tX} X g(A) = Xg(x(t)) = X‡g(x(t))

since X and X‡ commute. So, noting that x(0) = A, we have

g(x(t)) = e^{tX} ‡ g(A) = g(A(tα) ⊙ A)

The characteristics for the flow generated by X‡ are given by ẋ_i = α_λπ^‡_{λi}(x) A similar argument, writing g(x(t)) = g(A)e^{tX} , yields the corresponding result for x(t) = A ⊙ A(tα). So, 2.2.1 Lemma. Flow of the group Let X = α_μξ_μ. Let A(α) be the map of coordinates determined by

exp(X) = g(A) = e^{A1 (α)ξ1} · · · e^{Ad(α)ξd} Let ⊙ denote the group law: g(A)g(B) = g(A ⊙ B).

1. Let A(t) = A(tα) ⊙ A. Then A(t) satisfies the equations Ȧ_j = α_λπ^‡_{λj} (A), with initial condition A(0) = A.

2. Let A(t) = A ⊙ A(tα). Then A(t) satisfies the equations Ȧ_j = α_λπ^∗_{λj} (A), with initial condition A(0) = A.

We may reformulate this in terms of vector fields: 2.2.2 Corollary.

1. The integral curves of the vector field X^‡ = α_λπ^‡_{λμ}(A)∂_μ are of the form A(tα) ⊙ A.

2. The integral curves of the vector field X^∗ = α_λπ^∗_{λμ}(A)∂_μ are of the form A ⊙ A(tα).

Now follows

2.2.3 Splitting Lemma.

Let X = α_μξ_μ. Consider the factorization

exp(X) = g(A) = e^{A1 (α)ξ1} · · · e^{Ad(α)ξd} Let π̃ denote the coefficient matrix (pi-matrix) of either the left or the right dual representation, Then the coordinate map α → (A_1(α), . . . , A_d(α)) is determined as follows. Solve the differential equations Ȧ_j = α_λπ̃_{λj} (A), j = 1, . . . , d

for A_i as functions of t with the initial conditions A_1(0) = · · · = A_d(0) = 0. Then A_i(α) = A_i(t) | |_{t=1}, for 1 ≤ i ≤ d.

Proof: For π̃ = π^‡, we have A(1) = A(α)⊙A. With the initial variables A_i = 0, 1 ≤ i ≤ d, we have x(1) = A(α) as required. Note that for π̃ = π^∗, the zero initial conditions yield the same result.

Since the flows with zero initial conditions are identical, we have the interesting 2.2.4 Corollary. For the coordinate map α → A of coordinates of the first kind to coordinates of the second kind, we have the identity α_λπ^‡_{λj} (A(α)) = α_λπ^∗_{λj} (A(α)) for 1 ≤ j ≤ d.

Remark. Taking transposes, this may be reformulated as π̌(A(α))α = α, where π̌ is the group element formed by exponentiating the adjoint representation. I.e., this shows invariance of the α’s under the adjoint group.

The splitting lemma makes it expedient to find the pi-matrices. Here’s the procedure: 1. Write X = α_μξ_μ.

2. Calculate g(A). Formally differentiate with respect to t. 3. Equate the result of step 2 with Xg(A). Solve for Ȧ_i. 4. Express the formulas for Ȧ_i as α_μπ‡μ(A). 5. Similarly, use g(A)X to find π^∗(A).

Example. For HW, we get X =

0 α_3 α_2 0 0 α_1 0 0 0

. From our result for g(A), we find

ġ =

0 Ȧ_3 Ȧ_2 0 0 Ȧ_1 0 0 0

= Xg =

0 α_3 α_2 + A_1α_3 0 0 α_1 0 0 0

Thus, Ȧ_1 = α_1

Ȧ_2 = α_2 + A_1α_3

Ȧ_3 = α_3

We read off

π‡(A) =

1 0 0 0 1 0 0 A_1 1

Similarly, we find

π^∗(A) =

1 A_3 0 0 1 0 0 0 1

Solving the above equations for the left flow with initial conditions A(0) = A we get

A_1(t) = A_1 + α_1t A_2(t) = A_2 + α_2t + A_1α_3t + α_1α_3t^2/2 A_3(t) = A_3 + α_3t

With t = 1, A = 0, this gives the coordinate map α → A. Then at t = 1 we can verify that A(1) = A(α) ⊙ A. Similar properties hold for the right flow.

Example. A matrix realization of aff(2) is given by X = ( α_2 α_1 0 0 )

The corresponding group element is

g(A) = ( e^{A2} A_1 0 1 )

The group law is (A ⊙ B)_1 = A_1 + B_1e^{A2} (A ⊙ B)_2 = A_2 + B_2

Equating ġ = Xg and ġ = gX we find the pi-matrices

π‡ = ( 1 0 A_1 1 )

and π^∗ = ( e^{A2} 0 0 1 )

For the left flow, we have Ȧ_1 = α_1 + α_2A_1, Ȧ_2 = α_2 with solution

A_1(t) = A_1e^{α2t} + α_1 α_2

(e^{α2t} − 1) , A_2(t) = A_2 + α_2t

For the right flow, we have Ȧ_1 = α_1e^{A2} , Ȧ_2 = α_2 with solution

A_1(t) = A_1 + α_1 α_2

(e^{α2t} − 1)e^{A2} , A_2(t) = A_2 + α_2t

Now, setting t = 1 yields A(α) ⊙ A and A ⊙ A(α). Further, setting A = 0, we have the coordinate map A_1(α) = α_1 α_2

(e^{α2} − 1) , A_2(α) = α_2

And from this we can check consistency with the flow of the group.

2.3 DOUBLE DUAL

The right dual vector fields ξ^∗_i give a Lie homomorphism. To get a Lie homomorphism from the left dual, we must dualize it. I.e., we rewrite the left dual in terms of boson operators R’s and V ’s, exchanging A ↔ V , ∂ ↔ R, ordering with all R’s on the left. Thus, we let ξ̂_i = R_μπ‡_{iμ}(V )

This is the original action of multiplication by ξ_i in terms of R and V acting on the basis | n ⟩. So we have calculated the action by multiplication of g on U(g).

We make the further observation that since R and V are boson variables, we may conveniently replace them by R → x, V → D to get a realization of g in terms of operators acting on functions of x.

Examples will show how this works.

Example. HW. Let’s find ξ^∗, ξ‡, and ξ̂. First, let’s go back to equation (1.1) and predict the double dual. We see that

Q̂ = R_1, Ĥ = R_2, P̂ = R_3 + R_2V_1

Now let’s use the pi-matrices found previously. ξ^∗_1 = ∂_1 + A_3∂_2, ξ^∗_2 = ∂_2, ξ^∗_3 = ∂_3 And ξ‡_1 = ∂_1, ξ‡_2 = ∂_2, ξ‡_3 = A_1∂_2 + ∂_3 which gives the double dual ξ̂_1 = R_1, ξ̂_2 = R_2, ξ̂_3 = R_2V_1 + R_3 We may write the double dual in terms of (x, D) as ξ̂_1 = x_1, ξ̂_2 = x_2, ξ̂_3 = x_2D_1 + x_3

Example. Affine. Using our previously found pi-matrices we have ξ^∗_1 = e^{A2} ∂_1, ξ^∗_2 = ∂_2 And ξ‡_1 = ∂_1, ξ‡_2 = A_1∂_1 + ∂_2 which gives the double dual ξ̂_1 = R_1, ξ̂_2 = R_1V_1 + R_2 which we may write as ξ̂_1 = x_1, ξ̂_2 = x_1D_1 + x_2 which recovers our original formulation of aff(2) if we ignore x_2.

III. Matrix elements

Exponentiating the representation of g on U(g) we get a representation of G on U(g). We define the matrix elements of the representation on U(g) by g(A)| n ⟩ = ∑ m ⟨ m n ⟩ A | m ⟩

These matrix elements are types of special functions and typically can be expressed in terms of generalized hypergeometric functions.

The following proposition gives a useful formula for calculating the matrix elements. 3.1 Principal formula.

With the standard basis c_m(A) = A^m/m! = (A^{m1}_1 /m_1!) · · · (A^{md}_d /m_d!) for polynomials in A, the matrix elements are given by ⟨ m n ⟩ A = (ξ^∗)^nA^m/m!

where (ξ^∗)^n = (ξ^∗_1 )^{n1} · · · (ξ^∗_d)^{nd} , basis monomials in terms of the right dual representation.

Proof: Write the product of group elements g(A) and g(B) as

g(A)g(B) = g(A, ξ) ∑ n c_n(B)| n ⟩ = ∑ n c_n(B)g(A)| n ⟩ = ∑ m,n c_n(B) ⟨m n ⟩ A | m ⟩,

since the A’s and B’s commute. On the other hand, pulling exponentials in B across g(A) one at a time reconstitutes the group element g(B) with ξ replaced by ξ^∗. Denoting this by g(B)^∗ we have g(A)g(B) = g(B)^∗g(A) = ∑ n,m c_n(B)(ξ^∗)^nc_m(A)| m ⟩

Comparing these two expressions leads to the desired formula.

Example. An immediate consequence of this formula is that the right dual pi-matrices are matrix elements for transitions between basis elements. I.e.,

π^∗_{ij} = ⟨ e_j e_i ⟩

Proof: This follows from the principal formula thus ⟨ e_j e_i ⟩ = ξ^∗_i A_j = π^∗_{iλ}∂_λA_j = π^∗_{ij}

We mention some of the many interesting relations for the matrix elements that can now be deduced from the group law and the relations of the operators ξ^∗. This approach to special functions is in the spirit of now classic work of Vilenkin, see Klimyk & Vilenkin [17].

3.1 ADDITION THEOREMS

Writing the group law (as in the above proof)

g(A)g(B) = ∑ m,n c_n(B) ⟨m n ⟩ A | m ⟩

and as g(A ⊙ B) = ∑ m c_m(A ⊙ B)| m ⟩, we read off the transformation formula

c_m(A ⊙ B) = ∑ n ⟨ m n ⟩ A c_n(B)

that is, the coefficients c_n transform as a vector for the representation. Similarly,

g(A)g(B)| n ⟩ = g(A ⊙ B)| n ⟩

yields the addition theorem ⟨ m n ⟩ A⊙B = ⟨ m λ ⟩ A ⟨ λ n ⟩ B where in the implied summation λ is a multi-index. So these are indeed a matrix representation of the group acting on U(g).

3.2 DIFFERENTIAL RECURRENCE RELATIONS

Define the matrix elements of left multiplication by ξ_i on | n ⟩ by

ξ_i| n ⟩ = ∑ r M_{rn}(ξ_i)| r ⟩

Since the right dual representation gives a homomorphism of Lie algebras, we have

ξ^∗_i ⟨ m n ⟩ A = ξ^∗_i (ξ^∗)^nc_m(A) = ∑ r M_{rn}(ξ_i)(ξ^∗)^rc_m(A) = ∑ r ⟨m r ⟩ A M_{rn}(ξ_i)

Now, recall that this action is the same as the double dual ξ̂_i = R_μπ^‡_{iμ}(V ) acting on the n-indices. In other words, ξ^∗_i ⟨ m n ⟩ A = ξ̂_i ⟨ m n ⟩ A the boldface indicating that the multi-index n is varied.

Example. For the affine group, the principal formula gives the matrix elements ⟨ m_1, m_2 n_1, n_2 ⟩ A_1,A_2

= (ξ^∗_1 )^{n1} (ξ^∗_2 )^{n2} (A^{m1}_1 /m_1!)(A^{m2}_2 /m_2!)

Introduce the difference indices Δ = m − n = (m_1 − n_1, m_2 − n_2). Using the right dual we find ⟨ m_1, m_2 n_1, n_2 ⟩ A_1,A_2

= (e^{A2} ∂_1)^{n1} (∂_2)^{n2} (A^{m1}_1 /m_1!)(A^{m2}_2 /m_2!)

= e^{n1A2}

A^{Δ1}_1 Δ_1!

A^{Δ2}_2 Δ_2!

Bringing in the double dual, ξ̂_1 = R_1, ξ̂_2 = R_2 + R_1V_1, we find the following differential recurrence relations:

(e^{A2} ∂_1) ⟨ m_1, m_2 n_1, n_2 ⟩ A_1,A_2 = ⟨ m_1, m_2 n_1 + 1, n_2 ⟩ A_1,A_2

∂_2 ⟨ m_1, m_2 n_1, n_2 ⟩ A_1,A_2 = ⟨ m_1, m_2 n_1, n_2 + 1 ⟩ A_1,A_2

+ n_1 ⟨ m_1, m_2 n_1, n_2 ⟩ A_1,A_2

More generally, one finds rather involved types of functions of generalized hypergeometric type. Our approach provides a canonical formalism for expressing and discovering the properties these matrix elements satisfy as special functions. One can develop our approach further and find “pure” recurrence relations, not involving derivatives, that generalize the well-known ‘contiguous relations’ satisfied by classical hypergeometric functions.

IV. References

Enveloping algebras: [8]

Splitting techniques: [24] and [25] are originals

Mathematical physics: the left and right dual representations are used by Tomé [23] to develop path integrals on groups

3 Dual Vector Fields

I. DVFs

As in the double dual, in (x, D) variables, we have operators of the form x_μW_μ(D) where W_i are suitable functions of D_i. We write optionally a_μb_μ as a · b. The basic fact is the following primitive version of the Fourier transform: x · W (D) e^{A·x} = W (A) · ∂_A e^{A·x} = x · W (A) e^{A·x} (1.1) where the components of ∂_A are ∂_i = ∂/∂A_i.

What this does is exchange the operators in the (x, D) variables with corresponding operators in (A, ∂_A) variables. Thus each vector field has its dual and vice versa. We abbreviate “dual vector field” by “dvf”. Since the dvf’s are our main interest, we write Y_i = x_μW_{μi}(D), Ỹ_i = W_{μi}(A)∂_μ Til now we have been considering vector fields realizing a Lie algebra. Now we will be interested in families of commuting vector fields. We indicate a standard construction. When discussing functions of D, we use the variable z for complex variables defining the function involved. For an operator f(D), the function f(z) is referred to as its symbol. The expression “canonical” refers to operators satisfying the boson commutation relations.

Start with a function V (z) = (V_1(z), . . . , V_N (z)) holomorphic in a neighborhood of 0, with V (0) = 0, and the Jacobian matrix V^′ = ( ∂V_i ∂z_j ) nonsingular at 0.

U(v) denotes the functional inverse of V , i.e., z_j = U_j (V (z)).

We call the V_i “canonical coordinates” or canonical functions. The associated dvf’s are called the “canonical variables” and are given by Y_j = x_λW_{λj} (D) where W (z) = V^′(z)^{−1} is the matrix inverse to V^′(z).

1.1 Proposition. The commutation relations

[V_i(D), Y_j] = δ_{ij} I

hold.

Proof: We have [V_i(D), x_λ]W_{λj} = (V^′)_{iλ}W_{λj} = δ_{ij} I

As the V_i(D) mutually commute, to check that we indeed have a boson calculus, we need the commutativity of the Y ’s.

1.2 Proposition. The variables Y_1, . . . , Y_N commute.

Proof: Denoting differentiation by a comma followed by the appropriate subscript, we have [Y_i, Y_j ] = [x_λW_{λi}, x_μW_{μj} ] = x_λW_{λi,μ}W_{μj} − x_μW_{μj,λ}W_{λi} = x_εW_{εi,μ}W_{μj} − x_εW_{εj,μ}W_{μi} I.e., we need to show that W_{ki,μ}W_{μj} = W_{kj,μ}W_{μi}, that the expression W_{ki,μ}W_{μj} is symmetric in ij. Recall that if W depends on a parameter, t, say, then W = Z^{−1} satisfies Ẇ = −W ŻW . Thus, the relation W = (V ′)−1 yields the matrix equation ∂W ∂z_i

= −W

∂V^′ ∂z_i W which gives ∂W_{ki} ∂z_μ

W_{μj} = −W_{kε} ( ∂V^′ ∂z_μ ) ελ W_{λi}W_{μj}

= −W_{kε}

∂^2V_ε ∂z_μ∂z_λ

W_{λi}W_{μj}

so that the required symmetry follows from equality of the mixed partials of V . From now on, W will refer to the inverse Jacobian of a given function V .

Example. If V is a linear mapping, V_i(z) = S_{iλ}z_λ, where S is an invertible constant matrix, with inverse T , we have V^′ = S. Thus

V_i(D) = S_{iλ}D_λ, Y_i = x_μT_{μi}

The inverse function is U_i(v) = T_{iλ}v_λ.

Example. As for the Poisson case, with V (z) = e^z − 1, we have W (z) = e^{−z} and U(v) = log(1 + v).

II. Flow of a dual vector field

We would like to calculate the solution to ∂u ∂t = Y u, u(0) = f(x) for the dvf Y = v_λY_λ = v_λx_μW_{μλ}(D). Using equation (1.1), we have e^{tY} e^{A·x} = e^{tỸ} e^{A·x} We know how to calculate the flow of the vector field Ỹ by the characteristic equations Ȧ_i = v_λW_{iλ}(A) Multiplying both sides by V^′(A) we get Ȧ_μV^′_{kμ} = v_k Now the left-hand side is an exact derivative. I.e., d dt V_k(A(t)) = v_k Integrating, with initial conditions A(0) = A, we get V (A(t)) = V (A) + tv Solving, we have A(t) = U(tv + V (A)) Thus,

e^{tY} e^{A·x} = e^{tỸ} e^{A·x} = e^{x·U(tv+V (A))} (2.1) This is our main formula. A main corollary is the action of the dvf Y on the vacuum function equal to 1. We get this by setting A = 0: e^{tY} 1 = e^{x·U(tv)} For d = 1, we get 2.1 Main Formula.

For a canonical function V (z), with W (z) = 1/V^′(z), U(V (z)) = z, let Y = xW (D) be the associated canonical variable. Then we have e^{vY} e^{Ax} = e^{xU(v+V (A))} And, in particular, e^{vY} 1 = e^{xU(v)}

III. Canonical polynomials

Now we get the basis for the vector space: y_n(x) = Y^n1 where the vacuum is the constant function equal to 1. These are polynomials in x, the associated canonical polynomials. They satisfy Y y_n(x) = y_{n+1}(x), V (D)y_n(x) = ny_{n−1}(x) providing a representation of the HW algebra. We have the expansion e^{v·Y} 1 = e^{x·U(v)} = ∑ n≥0 v^n n! y_n(x)

Example. With V (z) = e^z − 1, we have Y = xe^{−D}. Since e^{−D}f(x) = f(x − 1), we have y_n(x) = Y^n1 = xe^{−D}y_{n−1}(x) = x(x − 1) · · · (x − n + 1) = x^{(n)} the n^{th} factorial power. With U(v) = log(1 + v), the expansion is (1 + v)^x = ∑ n≥0 v^n n! x^{(n)}

the standard binomial theorem.

3.1 CANONICAL POLYNOMIALS AND RANDOM WALKS There is an interesting connection with random walks in the case when W (z) is the moment generating function for a probability distribution. Let, in general, W (z) = ∑ n≥0 z^n n! μ_n

where, in the probabilistic case, μ_n would be the moments of a probability distribution. In any case, define the generalized moments ⟨⟨X^n⟩⟩ = μ_n and probabilistic case: ⟨X^n⟩ = μ_n

For an analytic function f, expand

f(x + X) = ∞∑ n=0 X^n n! f^{(n)}(x)

where here X denotes a virtual or actual random variable.

Taking (generalized) expected value, we have the action of the operator W (D) as a formal convolution operator

W (D) f(x) = ∞∑ n=0 μ_n n! f^{(n)}(x) = ⟨⟨f(x + X)⟩⟩

We extend the generalized averaging to several variables by taking them to be effectively independent:

⟨⟨X^{n1}_1 X^{n2}_2 . . . X^{nm}_m ⟩⟩ = μ_{n1} μ_{n2} · · · μ_{nm} Then we have 3.1.1 Random walk formula.

The basic polynomials are given in the form of generalized factorials by

y_n(x) = ⟨⟨x(x + X_1)(x + X_1 + X_2) · · · (x + X_1 + X_2 + · · · + X_{n−1})⟩⟩

In the probabilistic case, we denote the random walk generated by the underlying distribution by S_n = X_1 + X_2 + · · · + X_n, where the X_i are independent, identically distributed random variables with moment generating function equal to W . With S_0 = x, the corresponding expectation value is denoted by ⟨·⟩_x. Then the formula yields

y_n = ⟨S_0S_1S_2 · · · S_{n−1}⟩_x

Note that this is the product of consecutive variables of the random walk.

In the probabilistic case, write

W (D) = ∫ e^{uD} p(du)

Then (xW (D))^n = x ∫ e^{u1 D} p(du_1) · · · x ∫ e^{unD} p(du_n)

With e^{uD}f(x)e^{−uD} = f(x + u), we get

(xW (D))^n = ∫ x(x+u_1)(x+u_1+u_2) · · · (x+u_1+· · ·+u_{n−1})·exp ( ( n∑ j=1 u_j )D ) p(du_1) · · · p(du_n)

This is a formula for the operator Y^n. I.e., Y^n = ⟨S_0S_1S_2 · · · S_{n−1}e^{SnD}⟩_x Applying this to the constant function 1 yields the formula stated above.

We thus have

e^{xU(v)} = 1 + x ∞∑ n=0 v^n n! ⟨ n−1∏ j=1 (x + S_j )⟩_0

Example. Exponential random walk and Bessel polynomials

With W (z) = (1 − qz)^{−1}, an exponential distribution with mean q, we get

V = z − qz^2/2 , U = 1 − √ 1 − 2qv q Thus, with T_1, T_2,. . . ,T_n,. . . independent exponentials with mean q we have

⟨T_1(T_1 + T_2) · · · (T_1 + T_2 + · · · + T_n)⟩ = n! ( 2n n ) ( q 2 )_n

Now, scaling out q, consider V = z − z^2/2, U = 1 − √ 1 − 2v. From the classical theory of random walks we have (1 − √ 1 − 2v)^n √ 1 − 2v = ∑ p≥0 v^{n+p} 2^p ( n + 2p p )

This gives the expansion of 1 √ 1 − 2v e^{x(1−√1−2v)}

which is the generating function for Bessel polynomials θ_n(x). Differentiating e^{x(1−√1−2v)} with respect to v and integrating back we find

e^{x(1−√1−2v)} = 1 + ∑ n≥1 x^n n! ∑ p≥0 n n + p v^{n+p} 2^p ( n + 2p − 1 p )

Thus, we have y_n(x) = ∑ p ( n + 2p − 1 p ) 2^p(^1_2 )_p x^{n−p}

Example. Cayley example

With V (z) = z e^{−z} , we get W (z) = e^z(1 − z)^{−1}, so that the corresponding probability distribution is an exponential with mean 1 shifted by 1. Checking that y_n(x) = x(x + n)^{n−1} we find n^{n−1} = ⟨(1 + T_1)(2 + T_1 + T_2) · · · (n − 1 + T_1 + T_2 + · · · + T_{n−1})⟩

3.2 INVERSION OF ANALYTIC FUNCTIONS

We can expand e^{xU(v)} in powers of x

e^{xU(v)} = ∑ n≥0 x^n n! (U(v))^n

Another way to think of this is by applying the operator g(D) to the expansion in powers of v and evaluating at x = 0

g(U(v)) = ∑ n≥0 v^n n! g(D)y_n(0)

which is the Taylor expansion of the composition of g with U(v). This is an approach to inversion alternative to Lagrange’s method. In particular, the expansion of U(v) itself is the coefficient of x in the expansion of e^{xU(v)} in powers of v:

U(v) = ∑ n≥0 v^n n! y^′_n(0)

In the random walk formulation, we thus have

U(v) = ∞∑ n=1 v^n n! ⟨ n−1∏ j=1 S_j ⟩_0

Example. Given an analytic moment generating function W (z), we can form

V (z) =

∫_z 0 du W (u)

And the inverse of V is given by the above formula. In particular, if V^′(x) is a density function, we have the expansion for the inverse distribution function.

Example. Gaussian random walk

With W (z) = e^{z2/2}, we get V as the distribution function of a standard Gaussian, modulo a factor of √ 2π. Thus, we have the expansion of the inverse Gaussian distribution in terms of (i) the values y^′_n(0) or (ii) in terms of the Gaussian random walk.

3.2.1 Dual approach Going back to equation (2.1), we have, for d = 1, e^{vY} e^{Ax} = e^{vỸ} e^{Ax} = e^{xU(v+V (A))} = ∑ m≥0 (v + V (A))^m m! y_m(x)

Thus differentiating n times with respect to v and letting v = A = 0 y_n(x) = (W (A)∂_A)^ne^{Ax} | | |_{A=0} We see that differentiating with respect to v is the same as acting with Y so y_m shifts up every time. Differentiating n times with respect to v and letting v = 0 yields (Ỹ )^ne^{Ax} = ∑ m≥0 V (A)^m m! y_{m+n}(x)

which gives the action of Ỹ^n on the exponential. Applying g(D) yields (Ỹ )^ng(A)e^{Ax} = ∑ m≥0 V (A)^m m! g(D)y_{m+n}(x)

We want to let x = 0. Note that Ỹ obeys the Leibniz rule, just as ∂_A itself does. I.e., Ỹ is a derivation. If we apply Ỹ to e^{Ax} it will bring down a factor of x. That is, the surviving terms involve Ỹ applied only to g. We have thus (Ỹ )^ng(A) = ∑ m≥0 V (A)^m m! g(D)y_{m+n}(0)

which gives the action of (Ỹ )^n on an arbitrary function g. We can start directly from equation (2.1), applying g(D) to get e^{vỸ} g(A)e^{Ax} = g(U(v + V (A)))e^{xU(v+V (A))} This illustrates the general fact that the exponential of a derivation is a homomorphism. First let x = 0, then let A = 0 to get e^{vỸ} g(0) = g(U(v))) I.e., g(U(v)) = ∑ n≥0 v^n n! Ỹ^ng(0)

(formula suggested by D. Dominici)

In particular, let g(D) = D. Then Ỹ A = W (A), so, for n ≥ 1,

(Ỹ )^nA | | | |_{A=0} = (

Ỹ )^{n−1}W (0)

gives the coefficient of v^n/n! in the expansion of U(v).

Example. For V (z) = 1 − e^{−z}, we have Ỹ = e^A∂_A. With U(v) = − log(1 − v), we get

U(v)^m = ∑ n≥0 v^n n! (e^A∂_A)^nA^m | | |_{A=0}

On the other hand, we have

y_n(x) = (xe^D)^n1 = x(x + 1) · · · (x + n − 1) = (x)_n = ∑ k S_{nk}x^k

where S_{nk} are the absolute values of Stirling numbers of the first kind. Hence,

D^my_n(0) = m! S_{nm}

And we get

(− log(1 − v))^m = ∑ n≥0 v^n n! (e^A∂_A)^nA^m | | | |_{A=0} = ∑ n≥0 v^n n! m! S_{nm}

another variation on the binomial theorem as seen by expanding (1 − v)^{−x}.

Finally, observe that our approach applies equally well in d variables, with n as multi-index and Y^n = Y^{n1}_1 · · · Y^{nd}_d , as it is based on equation (2.1) which holds in all dimensions. It is essential that Y = v_λY_λ, where Y_i generate an abelian algebra.

IV. References

Our main reference is [10].

Closely related to the material of this chapter is Winkel’s [26] and [27].

[22] develops several formulas for the y_n in the framework of umbral calculus, including an equivalent to our formulation as generalized expectation of the product along a random walk. Also see [20].

4 Polynomials

We discuss two more special types of families of polynomials to go with the Appell families already introduced: orthogonal families, and canonical families associated to Lie algebras.

I. Orthogonal families

Orthogonal polynomials (in one variable) may be described in terms of Fourier-Laplace transforms as follows. Given a measure p(dx), the functions ϕ_n(x) are orthogonal to all polynomials of degree less than n if and only if ∫_∞ −∞ e^{sx} ϕ_n(x) p(dx) = V_n(s)

such that V_n(s) has a zero of order n at s = 0. The proof is immediate from ∫_∞ −∞ x^kϕ_n(x) p(dx) = ( d ds )_k| | |_0V^n(s)

Thus, if the ϕ_n(x) are polynomials, they form a sequence of orthogonal polynomials.

1.1 ORTHOGONALITY AND CONVOLUTION

We sketch a ‘group theory’ construction, using Fourier-Laplace transform and convolution that builds an orthogonal system from a given one. It is closely related to the reduction of the tensor product of two copies of the given L^2 space as in the construction of Clebsch- Gordan coefficients.

Remark. In this section, unless otherwise indicated, we will discuss the N = 1-dimensional case, for convenience. The constructions indicated hold for N > 1 as well, appropriately modified.

1.1.1 Convolutions and Orthogonal functions

Start with a family of functions, kernels,

K(x, z, A)

where A indicates some parameters, that form a group under convolution ∫_∞ −∞ K(x − y, z, A)K(y, z^′, A^′) dy = K(x, z + z^′, A^{′′})

(The integration here can be replaced analogously by a summation.) This means that the Fourier-Laplace transforms form a multiplicative family. Let

K̂(s, z, A) =

∫_∞ −∞ e^{sy} K(y, z, A) dy

Then K̂(s, z, A) × K̂(s, z,^′ A^′) = K̂(s, z + z^′, A^{′′})

Form the product K(x − y, −z, A)K(y, z, A^′)

This integrates to K(x, 0, A^{′′}) which is independent of z. This is the generating function for the orthogonal functions we are looking for:

K(x − y, −z, A)K(y, z, A^′) = ∑ z^nH_n(x, y; A, A^′) (1.1.1.1)

By construction, the integral ∫_∞ −∞ H_n(x, y; A, A^′) dy = 0

for every n > 0. To get orthogonality of H_n with respect to all polynomials of degree less than n, consider ∑ z^n

∫_∞ −∞ y^kH_n(x, y; A, A^′) dy =

∫_∞ −∞ y^kK(x − y, −z, A)K(y, z, A^′) dy

where the terms of the summation must vanish for k < n. I.e., this must reduce to a polynomial in z of degree k. Or one can take the transform ∫_∞ −∞ e^{sy} K(x − y, −z, A)K(y, z, A^′) dy

which has to be of the form such that the powers of z have factors depending on s so that each degree in z has a factor with a zero of at least that order in s, as observed in the remarks above.

1.1.2 Probabilities and means

Here is a general construction of kernels. Take any probability distributions whose means form an additive group. Suppose that they have densities. Then the kernels are of the form K(x, z, A) where z is the mean, and A, e.g., is the variance, or other parameters determining the distribution. One example is provided by the Gaussian distributions:

K(x, z, A) = e^{−(x−z)2 /(2A)} √ 2πA Since means and variances are additive, you have a convolution family as required. In general, it may not always be possible to parametrize the family in terms of the means.

1.1.3 Bernoulli systems Here we make a definition that applies for N ≥ 1.

1.1.3.1 Definition. A Bernoulli system is a canonical Appell system such that the basis ψ_n = R^nΩ is orthogonal.

For N = 1, we have the binomial distributions, corresponding to Bernoulli trials, hence the name. We renormalize ψ_n and define a new generating function. 1.1.3.2 Definition. Define the basis ϕ_n = n! × ψ_n/γ_n, where γ_n = ⟨ψ_n, ψ_n⟩ are the squared norms of the ψ_n. The generating function ω^t is defined as

ω^t(y, x) = ∑ n≥0 y^n n! ϕ_n (1.1.3.1)

Now we have an important property of ω^t.

1.1.3.3 Proposition. Consider a Bernoulli system, in N ≥ 1 dimensions, with canonical operator V and Hamiltonian H. I.e.,

e^{zμxμ −tH(z)} = ∑ n≥0 V (z)^n n! ψ_n

Let the basis ϕ_n and the function ω^t be as above. Then we have the Fourier-Laplace transform ∫ e^{ζy} ω^t(z, y) p_t(dy) = e^{zV (ζ)+tH(ζ)}

Proof: The integral on the left-hand side is the inner product ⟨e^{ζX} Ω, ω^t(z, X)Ω⟩ = e^{tH(ζ)} ⟨e^{V (ζ)R} Ω, ω^t(z, X)Ω⟩ By orthogonality, and the definition of ω^t, eq. (1.1.3.1), the inner product reduces to ∑ n≥0 z^nV (ζ)^nn! γ_n n! n! γ_n

= e^{zV (ζ)}

as required.

Now go back to the case N = 1. Expanding in powers of z yields the relation ∫_∞ −∞ e^{sy} ϕ_n(y) p_t(dy) = V (s)^n e^{tH(s)} so that V (0) = 0 is all we need to conclude that the ϕ_n are an orthogonal family. We take t as our parameter A and K(x, z, A) = ω^A(z, x)p_A(x) (1.1.3.2) writing p_t(dx) = p_t(x)dx in the sense of distributions in the case of discrete spectrum (e.g., the Poisson case). In the case when ω^A(z, x) ≥ 0, these are a family of probability measures as noted in example 1, with mean z + μt, and variance z + σ^2t, where μ and σ^2 are the mean and variance respectively of p_1.

We thus have from the basic construction, eq. (1.1.1.1),

K(x − y, −z, A)K(y, z, B) = ω^A(−z, x − y)ω^B(z, y) p_A(x − y)p_B(y) (1.1.3.3) Substituting in the expansions of the ω’s, equation (1.1.3.1), yields ∑ n≥0 z^n n! n∑ k=0 ( n k ) (−1)^kϕ_k(x − y, A)ϕ_{n−k}(y, B) p_A(x − y)p_B(y)

Thus, the functions H_n(x, y; A, B) take the form

H_n(x, y; A, B) = n∑ k=0 ( n k ) (−1)^kϕ_k(x − y, A)ϕ_{n−k}(y, B) p_A(x − y)p_B(y)

with corresponding orthogonal polynomials

ϕ_n(x, y; A, B) = n∑ k=0 ( n k ) (−1)^kϕ_k(x − y, A)ϕ_{n−k}(y, B)

and measure of orthogonality p_A(x − y)p_B(y). (Proof of orthogonality is based on an addition formula for V (s).)

The convolution property of the family p_t shows that ∫_∞ −∞ p_A(x − y)p_B(y) dy = p_{A+B} (x)

and thus, that we can normalize to give a probability measure of the form

p_A(x − y)p_B(y)/p_{A+B}(x) For the Meixner classes, i.e., the Bernoulli systems in one variable corresponding to sl(2), we have the corresponding classes generated as follows:

Gaussian −→ Gaussian Poisson −→ Krawtchouk Laguerre −→ Jacobi Binomial (3 types) −→ Hahn (3 types) Observe that for the binomial types, this is essentially the construction of Clebsch-Gordan coefficients for (real forms of) sl(2). This construction works for the multinomial case as well.

1.1.4 Associativity construction

Corresponding to associativity of the convolution family, we form

K(x − y, −z, A + A^′)K(y, z, A^{′′}) , and K(x − y, −z, A)K(y, z, A^′ + A^{′′})

These both integrate to K(x, 0, A + A^′ + A^{′′}). The corresponding H_n(x, y; A + A^′, A^{′′}), H_n(x, y; A, A^′ + A^{′′}) provide two orthogonal families for L^2(dy). The question is to find the unitary transformation between the two bases, analogous to the construction of Racah coefficients.

For Bernoulli systems, denote the squared norms

γ_n(A, B) =

∫_∞ −∞ ϕ_n(x, y; A, B)^2 p_A(x − y)p_B(y) dy

Then we have the generating function for the unitary matrix U_{mn} connecting the combined systems corresponding to A + B + C = (A + B) + C = A + (B + C), via equations (1.1.3.2), (1.1.3.3),

∫_∞ −∞ ω^A(−z, x − y)ω^{B+C} (z, y)ω^{A+B}(−w, x − y)ω^C (w, y) × √ p_A(x − y)p_{B+C} (y)p_{A+B}(x − y)p_C (y) dy

= ∑ m,n z^mw^n √ γ_m(A, B + C)U_{mn} √ γ_n(A + B, C)

For the binomial distributions, these will yield the usual Racah coefficients and connections with Wilson polynomials.

II. Appell states

This provides a unified picture of classes of orthogonal polynomials connected with integral transforms. The Fourier-Laplace transform leads to the Meixner classes which give the Bernoulli systems in one dimension.

2.1 DEFINITION OF GENERAL APPELL STATES

Given a probability measure, p(dx), we take a family of square-integrable functions F (s, x). As usual, we denote integration with respect to p as the expected value, and we set, for the given family F (s, ·) M(s) = ⟨F (s, X)⟩

2.1.1 Definition. The Appell states with respect to the measure p and the family F are the functions Ψ_s(x) = F (s, x)/M(s)

That is, the Ψ_s are the functions F normalized to have unit expectation. The term states comes from physics denoting a function of unit norm in L^2 of p. The idea is that the state is a line or ray in the vector space, an equivalence class of functions up to multiplication by scalars. Note here that the Ψ_s remain invariant if the functions F are multiplied by scalars.

Typical choices of the family F are F (s, x) = e^{sx} , corresponding to Fourier-Laplace transforms, and F (s, x) = (1 − sx)^{−1}, corresponding to Stieltjes transforms. More precisely, the Stieltjes transforms arise from the family 1/(s − x). If X is an element in a Lie algebra and ψ_0 is an element in a representation space of the algebra, the states corresponding to e^{sX} ψ_0 are generalized coherent states. The coherent state representation is thus in the spirit of the Appell transform for the family e^{sx} .

The Appell states are used to define transforms of operators acting on functions of x, typically L^2 of p.

2.1.2 Definition. The Appell transform of an operator Q is the function of a, b given by ⟨Q⟩_{ab} =

⟨Ψ_a, QΨ_b⟩ ⟨Ψ_a, Ψ_b⟩

Thus, these are the normalized matrix elements of the operator Q with respect to the Appell states.

2.2 APPELL STATES AND ORTHOGONAL POLYNOMIALS

The main feature is that the family F (s, x) has the property of being the eigenfunctions of an operator X_s acting on functions of x:

X_s F (s, x) = x F (s, x)

Denote the family of orthogonal polynomials with respect to p by { ϕ_n } with squared norms γ_n = ‖ϕ_n‖^2. We define the transforms

⟨ϕ_n, Ψ_s⟩ = V_n(s) (2.2.1)

Thus, we have the expansion (in general, under assumption of completeness of the ϕ_n)

Ψ_s = ∑ n≥0 V_n(s)ϕ_n(x)/γ_n

In terms of the family F , we have F (s, x) = M(s) ∑ n≥0 V_n(s)ϕ_n(x)/γ_n

The orthogonal polynomials satisfy a three-term recurrence of the form xϕ_n = c_nϕ_{n+1} + a_nϕ_n + b_nϕ_{n−1} with initial conditions ϕ_{−1} = 0, ϕ_0 = 1. Observe that the recurrence relation implies ϕ_1(x) = (x − a_0)/c_0. We have 2.2.1 Theorem. Let F (s, x) satisfy F (0, x) = 1, X_sF (s, x) = xF (s, x). Then M(s)^{−1}X_s(M(s)V_n(s)) = c_nV_{n+1} + a_nV_n + b_nV_{n−1} with the initial conditions V_0 = 1, V_1 = c^{−1}_0 (M^{−1}X_sM − a_0).

Proof: With ϕ_0 = 1, setting n = 0 in eq. (2.2.1) yields V_0 = 1. For general n, write eq. (2.2.1) in the form ⟨ϕ_n, F (s, X)⟩ = M(s)V_n(s) and apply X_s to get ⟨ϕ_n, X F (s, X)⟩ = X_s(M(s)V_n(s)) Dividing out M(s) yields ⟨ϕ_n, X Ψ_s⟩ = M(s)^{−1}X_s(M(s)V_n(s)) Now use the recurrence formula for ψ_n on the left-hand side and apply eq. (2.2.1) to get the result. For n = 0, this procedure yields ⟨X Ψ_s⟩ = M(s)^{−1}X_sM(s) But eq. (2.2.1) for n = 1 says ⟨ϕ_1, Ψ_s⟩ = V_1. Writing X = c_0ϕ_1 + a_0 and taking inner products with Ψ_s thus gives M(s)^{−1}X_sM(s) = c_0V_1(s) + a_0 (2.2.2) and the result follows.

We illustrate for the Meixner case.

2.2.1 Fourier-Laplace transforms and Meixner systems Taking the family F (s, x) = e^{sx} , we have M(s) = ⟨e^{sX} ⟩ is the usual moment generating function or Fourier-Laplace transform. The operator X_s here is d/ds, the first derivative operator. We have 2.2.1.1 Theorem. The exponential function e^{sx} has the expansion in orthogonal polynomials e^{sx} = M(s) ∑ n≥0 V_n(s)ϕ_n(x)/γ_n

where the coefficients V_n, n ≥ 1, satisfy the recurrence formula V^′_n + c_0V_1V_n = c_nV_{n+1} + (a_n − a_0)V_n + b_nV_{n−1} with V_0(s) = 1 and V_1(s) = c^{−1}_0 ( M^′(s) M(s)

− a_0 )

Proof: In the proof of Theorem 2.2.1, eq. (2.2.2), yields, with X_s = d/ds, M^′(s)/M(s) = c_0V_1(s) + a_0 This gives the formula for V_1. As well, for the left-hand side of the recurrence, we have M(s)^{−1}X_s(M(s)V_n(s)) = (M^′(s)/M(s))V_n(s) + V^′_n(s) and substituting back in the expression in terms of V_1, the result follows. Meixner systems arise when we have the special form V_n(s) = V (s)^n where, in particular, V_1(s) = V (s). From the above theorem we have 2.2.1.2 Theorem. For Meixner systems we have the expansion e^{sx} = M(s) ∑ n≥0 V (s)^nϕ_n(x)/γ_n

where V (s) = c^{−1}_0 ( M^′(s) M(s)

− a_0 )

satisfies the Riccati differential equation V^′ = γ + 2αV + βV^2 and the recurrence formula for the orthogonal polynomials is of the form xϕ_n = (c_0 + βn)ϕ_{n+1} + (a_0 + 2αn)ϕ_n + γnϕ_{n−1}

Proof: Substituting V_n = V^n into the recurrence given by the theorem above yields nV^{n−1}V^′ + c_0V^{n+1} = c_nV^{n+1} + (a_n − a_0)V^n + b_nV^{n−1} Dividing out V^{n−1}, rewrite this in the form

V^′ = c_n − c_0 n V^2 + a_n − a_0 n V + b_n n Since these coefficients are independent of n, we set c_n = c_0 + nβ, a_n = 2nα + a_0, b_n = nγ and the result follows.

We will look in more detail at these systems in the next section.

2.3 MEIXNER CLASSES

The Meixner polynomials are special families of orthogonal polynomials closely related to operator calculus and Lie algebras. We present the basic facts concerning Meixner polynomials and their connection with operator calculus.

2.3.1 Meixner polynomials and operator calculus

The Meixner polynomials are orthogonal polynomials such that V is expressed by an analytic function of D = d/dx, where x is the variable in which the polynomials are given. After suitable normalizations, one finds six families of orthogonal polynomials as follows with the corresponding functions V (z) and H(z) as for canonical Appell systems. 2.3.1.1 Proposition. For the Meixner classes of polynomials the V and H operators take the form:

Meixner V (z) = tanh qz q − α tanh qz Meixner − Pollaczek V (z) = tan z Krawtchouk V (z) = tanh z Charlier V (z) = e^z − 1 Laguerre V (z) = z/(1 − z) Hermite V (z) = z

H(z) = − α β z − log qV (z) sinh qz H(z) = log sec z H(z) = log cosh z H(z) = e^z − 1 − z H(z) = − log(1 − z) − z H(z) = z^2/2 where, for the general case, α, β are given parameters and q^2 = α^2 − β. (Note the normalizations V (0) = H^′(0) = 0, V^′(0) = 1.)

We will see how these arise by specialization from families of canonical polynomials arising via Lie algebras. They come from some basic Lie algebras, namely, sl(2), HW, and osc.

III. Canonical polynomials from Lie algebras

Let’s recall the left dual and double dual representation for a Lie algebra. The left dual form of X, X‡ = α_μξ‡μ, generates the flow of the group law exp(tX‡)f(A) = f(A(αt) ⊙ A) Setting t = 1 we have e^X ‡ f(A) = f(A(α) ⊙ A) Let X̂ = α_μξ̂_μ be the double dual realization of X. In terms of (x, D) variables, it is the dvf to X‡. Therefore, we get e^{X̂} e^{ax} = e^{(A(α)⊙a)x} Compare with e^{αμYμ} e^{ax} = e^{xμ Uμ (V (a)+α)} our main formula for dvf’s.

Setting a = 0 yields the main 3.1 Theorem. Acting on the vacuum state 1, the group elements generated by the double dual X̂ and the canonical variable α_μY_μ give the same result

e^{X̂} 1 = exp(x · A(α)) = e^{αμ Yμ} 1 = exp(x · U(α)) under the correspondence of the momentum variables with the coordinates D ↔ A , V ↔ α I.e., the canonical operators Y_i are given as x_μW_{μi}(D) where W is the inverse Jacobian matrix of the coordinate map A → α, equivalently, the Jacobian matrix of the coordinate map α → A expressed in the A variables, then replacing every A_i by the corresponding partial differentiation operator D_i.

So for any Lie algebra, with a specified basis, we have the Lie canonical system of polynomials {y_n} e^{x·A(α)} = ∑ n≥0 α^n n! y_n(x)

3.1 LIE CANONICAL SYSTEMS AND QUANTUM OBSERVABLES

The idea is to find representations where a family of commuting self-adjoint operators occur as elements of g. Then these are the quantum observables for the system.

Here we show how this works for one observable that we interpret as a generalized position coordinate. We want the Lie algebra to be a symmetric Lie algebra where we have sets of raising operators P and lowering operators L in one-to-one correspondence such that g has a direct sum decomposition of the form

g = L ⊕ K ⊕ P

with the relations [L, P] ⊂ K, [K, L] ⊂ L, [K, P] ⊂ P

We assume that L and P are abelian subalgebras that generate g as a Lie algebra. This splitting is called a Cartan decomposition. If we have an inner product where elements R_i and L_i are in correspondence as operators adjoint to each other, L^∗_i = R_i, g becomes a “Lie^∗-algebra”. And we can construct self-adjoint operators of the general form X_i = R_i + K_i + L_i. An interesting problem is to find such operators explicitly that generate an abelian algebra.

We will study three basic algebras to illustrate how it goes.

Example. HW. We have the coordinate map

A_1 = α_1, A_2 = α_2 +^1_2 α_1α_3, A_3 = α_3

Thus, we have from the double dual

exp(α_1R_1 + α_2R_2 + α_3(R_3 + R_2V_1)) 1 = exp(α_1R_1 + (α_2 +^1_2 α_1α_3)R_2 + α_3R_3) 1

Note that R_3 and α_2R_2 drop out. Setting R_2 = t, α_1 = α_3 = z, we get, using R = R_1 as our raising operator, exp(z(R + tV )) 1 = e^{zR+z2 t/2} 1

We have X = R + tV as our quantum observable with spectral variable x. Thus, with v = z, e^{vR}1 = e^{vx−v2t/2}

the generating function for the Hermite polynomials for the corresponding Gaussian distribution. We have recovered our example of Chapter 1.

Example. sl(2). First, set δ = √ α^2 − α_1α_3. Then we have the coordinate map

A_1 = α_1 tanh δ δ − α_2 tanh δ

, A_2 = log δ sech δ δ − α_2 tanh δ

, A_3 = α_3 tanh δ δ − α_2 tanh δ

The double dual is ξ̂_1 = R_1, ξ̂_2 = R_2 + 2R_1V_1, ξ̂_3 = R_3e^{2V}2 + R_2V_1 + R_1V^2_1

Now take α_1 → z, α_2 → αz, α_3 → βz, and δ → qz, q^2 = α^2 − β. Noting that R_3 drops out, send R_2 → t, and use R = R_1 as our raising operator to yield

e^{zX} 1 = ( q sech qz q − α tanh qz

)_t exp ( tanh qz q − α tanh qz R ) 1 where X = R + αt + 2αRV + β(tV + RV^2) is our quantum random variable. With spectral variable x, this is of the form e^{zx} = e^{tH(z)}e^{V (z)R}1 and solving for e^{vR}1 gives the generating function for the corresponding class of polynomials in general Bernoulli form. Various specializations lead to the Meixner classes for Bernoulli, negative binomial and continuous binomial (hyperbolic) distributions. The gamma/exponential family is an interesting limiting case where q → 0. We get, then, with β = α^2, e^{zX} 1 = (1 − αz)^{−t} exp ( R z 1 − αz ) 1 and solving for z = U(v) yields the generating function for Laguerre polynomials in an appropriate normalization.

Example. For the oscillator algebra we have the coordinate map

A_1 = α_1 α_4

(e^{α4} − 1), A_2 = α_2 + α_1α_3 α^2_4

(e^{α4} − 1 − α_4), A_3 = α_3 α_4

(1 − e^{−α4} ), A_4 = α_4

The double dual is

ξ̂_1 = R_1, ξ̂_2 = R_2, ξ̂_3 = R_3 + R_2V_1, ξ̂_4 = R_4 + R_1V_1 − R_3V_3,

We take α_4 → αz, α_1 → z, α_3 → βz, with R_4 dropping out and get, setting R_2 = t, e^{zX+zY} 1 = exp(R_1(e^{αz} − 1)/α) exp(βt(e^{αz} − 1 − αz)/α^2) exp(R_3β(1 − e^{−αz} )/α) 1 where X = R_1 + αR_1V_1 + βtV_1, Y = βR_3 − αR_3V_3 The R_3 term gives an independent aff(2). The X term gives, with R → R_1,

e^{vR}1 = (1 + αv)^{x/α+βt/α2} exp(−vβt/α) which is the generating function for Poisson-Charlier polynomials for a scaled Poisson process with drift.

Finally, observe that in each case, the formula for X in terms of R and V gives the threeterm recurrence relation for the corresponding orthogonal polynomials.

IV. References

The Lie algebra approach in its initial development was presented in [9]. The original article of Meixner is [18].

Askey-Wilson polynomials give an umbrella approach from the classical analysis point of view, see [1].

5 Jacobians

I. Adjoint group

Recalling the pi-matrices:

we denote the transpose of π‡ by π̂ and the transpose of π^∗ by π̂^∗.

We will calculate the exponential of the adjoint representation in terms of the π matrices. First we remark that the exponential of the adjoint representation connects the right and left duals:

gξ_j = gξ_jg^{−1}g = ξ^∗_j g = Ad_g(ξ_j)g = Ad_g(ξ‡_j )g (1.1) where Ad_g denotes the exponential of the adjoint representation, conjugation by g. It is given explicitly as the matrix g(A, ξ̌) (acting on the row vector formed from the basis vectors). Now solving for ∂_i shows that 1.1 Proposition. The left and right duals are related by

ξ^∗ = π^∗π‡^{−1}ξ‡

where ξ^∗ (resp. ξ‡) denotes the column array with entries ξ^∗_i (resp. ξ‡_i ).

1.2 Definition. Define the matrix π̌ = g(A, ξ̌) the exponential of the adjoint representation.

Now for the main result of this section.

1.3 Theorem. The exponential of the adjoint representation, g(A, ξ̌), is given by π̌ = π̂^{−1}π̂^∗

Proof: From equation (1.1), we have the matrix of Ad_g, acting on the basis, given by the transpose of g(A, ξ̌). I.e., ξ^∗ = π̌†ξ‡ (1.2)

Comparing with Proposition 1.1, we have π̌† = π^∗π‡^{−1}. And the result follows by definition of the matrices π̂, π̂^∗ as transposes.

Example. For the affine group we have

ξ̌_1 = ( 0 −1 0 0 ) , ξ̌_2 = ( 1 0 0 0 )

Calculating exponentials gives

e^{A1ξ̌1} e^{A2ξ̌2} = ( 1 −A_1 0 1 ) ( e^{A2} 0 0 1 ) = ( e^{A2} −A_1 0 1 )

Recalling the pi-matrices

π‡ = ( 1 0 A_1 1 ) , π^∗ = ( e^{A2} 0 0 1 )

it is readily checked that this is the transpose of π^∗π‡^{−1}.

II. Jacobians of the group law

Now we will see the pi-matrices arising as Jacobians of the group law, showing yet another aspect of their nature.

Write g = g(A)g(B) = g(C), with C = A ⊙ B. Differentiating with respect to A_i we get

Π‡_{iμ}(A) ξ‡_μ(A)g = ∂g ∂C_λ

∂C_λ ∂A_i And Π^∗_{iμ}(B) ξ^∗_μ(B)g = ∂g ∂C_λ

∂C_λ ∂B_i since we can differentiate and pull the ξ_j’s through without interference to the corresponding side.

In other words, Π‡_{iμ}(A) ξ‡_μ(A)g = Π‡_{iμ}(A) ξ_μg and Π^∗_{iμ}(B) ξ^∗_μ(B)g = Π^∗_{iμ}(B) gξ_μ. And we have ∂g ∂C_i

= Π‡_{iμ}(C) ξ‡_μ(C)g = Π‡_{iμ}(C) ξ_μg = Π^∗_{iμ}(C) ξ^∗_μ(C)g = Π^∗_{iμ}(C) gξ_μ

Solving, writing C = A ⊙ B, we find

∂(A ⊙ B) ∂A = π̂(A ⊙ B) π̂^{−1}(A) ∂(A ⊙ B) ∂B = π̂^∗(A ⊙ B) π̂^{∗−1}(B)

Letting A = 0 in the first equation, B = 0 in the second yields

∂(A ⊙ B) ∂A | | | A=0 = π̂(B)

∂(A ⊙ B) ∂B | | | B=0 = π̂^∗(A)

We know that π̌(A) = π̂^{−1}(A)π̂^∗(A)

So, for example, ∂B ∂(B ⊙ A)

∂(A ⊙ B) ∂B | | |_{B=0} = π̌(A)

Example. Recall the HW group law

C_1 = A_1 + B_1 C_2 = A_2 + B_2 + A_3B_1 C_3 = A_3 + B_3

and the pi-matrices

π‡(A) =

1 0 0 0 1 0 0 A_1 1

, π^∗(A) =

1 A_3 0 0 1 0 0 0 1

Calculating the Jacobians, we find

∂C_i ∂A_j = 1 0 0 0 1 B_1 0 0 1

, ∂C^i

∂B_j = 1 0 0 A_3 1 0 0 0 1

Note that in this case the pi-matrices are a representation of the group, i.e.

π̂(A ⊙ B) = π̂(A)π̂(B), π^∗(A ⊙ B) = π^∗(A)π^∗(B)

so we get the pi-matrices regardless of evaluations at 0.

Example. For aff(2) we have C_1 = A_1 + B_1e^{A2} C_2 = A_2 + B_2

and the pi-matrices

π‡(A) = ( 1 0 A_1 1 ) , π^∗(A) = ( e^{A2} 0 0 1 )

Calculating the Jacobians, we find

∂C_i ∂A_j = ( 1 B_1e^{A2} 0 1 ) , ∂C_i ∂B_j = ( e^{A2} 0 0 1 )

We readily verify the corresponding relations.

III. Three classes of operators for any Lie algebra

Here is an outline of the elements of the theory relating to LCS — Lie canonical systems.

1. Start with a given basis for the Lie algebra.

2. Find the coordinate map via the characteristic equations for the left dual flow:

Ȧ = απ‡(A). With initial conditions A(0) = A, this yields A(αt) ⊙ A, and hence the map α → A, evaluating at A = 0, t = 1.

3. Interpret A as momentum variables, α as canonical momenta.

Dual variables are x to A, Y to α.

4. Jacobians: (i) ∂A ∂α , expressed in terms of A is used for the raising operators Y .

(ii) ∂α ∂A in terms of α computed as the algebraic inverse is used to express the variables x

in terms of raising and lowering operators. The x variables in that form are the recursion operators.

5. Generic formulae Y = xW (D) = xU^′(V (D)), x = Y V^′(D) = Y U^′(V )^{−1} become

Y = x A^′(α(A)) | | |_{A→D} , x = Y A^′(α)^{−1} | | |_{Y →Rα→V}

6. Canonical polynomials y_n(x) = Y^n1. Abstract raising and lowering operators on the basis y_n are R_i y_n = Y_i y_n = y_{n+ei} V_i y_n = n_i y_{n−ei} Acting on the basis y_n, x’s yield recursion formulas. Basic expressions are (row vector times matrix) : Y = x A^′(α(D)) x = R A^′(V )^{−1} with D = (D_1, . . . , D_N ) operators of partial differentiation with respect to x-variables.

7. We can include the change-of-variables in ξ‡ yielding the general ξ̂_i = x_ν W_{νλ}(D)π‡_{iλ}(V (D))

with e^{αμξ̂μ} 1 = e^{xμ Uμ (A(α))}

8. In particular, ξ̂_i = x_ν A^′(D)^{−1}_{νλ} π‡_{iλ}(A(D)) yields e^{αμξ̂μ} 1 = e^{αμxμ} .

Since the coherent state is the same as for an abelian algebra, we call these the ACS operators.

3.1 JACOBIAN OF THE COORDINATE MAP

To get the canonical variables requires the Jacobian of the map α → A. Since one has the differential equations for A, namely the characteristic equations Ȧ = απ(A), one would think it possible to find A^′(α) = ∂A/∂α directly in terms of the π-matrices. This turns out to be the case and is the subject of an interesting theorem stated without proof. 3.1.1 Theorem.

Let J = ∂A/∂α denote the Jacobian of the coordinate map α → A. Then

J(α) = π̂(A(α))

∫_1 0 π̌(A(s)) ds

Alternatively, we have J(α) = π̂^∗(A(α))

∫_1 0 π̌^{−1}(A(s)) ds

Note that in our application to dual vector fields, we really want J as a function of A. The factor outside the integral is naturally given in terms of the A_i, but the integral is evaluated by expressing A(s) in terms of the α_i scaled by s. On the other hand, J^{−1}, expressed in terms of α immediately gives us what we need for the corresponding recursion operators.

3.2 CANONICAL VARIABLES IN THE NONABELIAN CASE

Let’s see how points #7 and #8 work. We combine the two fundamental constructions: i.e., we use canonical variables in the Lie case.

3.2.1 Proposition. Let Y = x_ν α_μπ‡_{μλ}(V (D))W_{νλ}(D). Then

e^{tY} e^{a·x} = exp ( x · U ( A(αt) ⊙ V (a) ))

Proof: Acting on e^{a·x} we have

Y e^{a·x} = x_ν α_μπ‡_{μλ}(V (a))W_{νλ}(a)e^{a·x} = α_μπ‡_{μλ}(V (a))W_{νλ}(a) ∂ ∂a_ν e^{a·x}

This latter is a vector field in the a-variables. The characteristic equations are

ȧ_i = α_μπ‡_{μλ}(V (a))W_{iλ}(a) Multiplying by V^′(a) yields

V^′(a)_{kλ}ȧ_λ = α_μπ‡_{μk}(V (a))

Now the left-hand side is an exact derivative, d dt V (a(t)). So these are characteristic equations for the left dual flow in the V -variables. Integrating, we have, with A(α) denoting the coordinate map on the group, V (a(t)) = A(tα) ⊙ V (a) In other words, a(t) = U(A(tα) ⊙ V (a)) which gives the stated result. And

3.2.2 Theorem. To the vector fields

ξ‡_i (V (x)) = π‡_{iλ}(V (x))W_{νλ}(x)D_ν

correspond the dvf’s ξ̂_i = x_ν W_{νλ}(D)π‡_{iλ}(V (D))

And with X̂ = α_μξ̂_μ, e^{X̂} 1 = e^{x·U(A(α))}

Note that the ξ̂_i are the double dual in the canonical variables (Y, V ).

Now choose U and A to be inverse maps, i.e., V (z) = A(z). Then we have the nonabelian Lie algebra yielding the same result on the vacuum state, 1, as the abelian one, namely

exp(X̂)1 = exp(α · x) .

How do these work for some Lie algebras of particular interest?

Example. Let’s look at HW in detail.

We have the coordinate map

A_1 = α_1, A_2 = α_2 + α_1α_3/2, A_3 = α_3

The Jacobians are ∂A ∂α = 1 0 0 α_3/2 1 α_1/2

0 0 1 and ∂α ∂A = 1 0 0 −α_3/2 1 −α_1/2 0 0 1

with the latter calculated as ( ∂A ∂α )_{−1}

. In terms of A,

∂A ∂α (A) =

1 0 0 A_3/2 1 A_1/2 0 0 1

Contracting with x and replacing A by D yields the raising operators

Y_1 = x_1 +^1_2 x_2D_3 , Y_2 = x_2 , Y_3 = x_3 +^1_2 x_2D_1

These are commuting variables. The basic expansion is

e^{αμ Yμ} 1 = e^{α1x1} e^{x2 (α2+α1α3/2)}e^{α3x3} = ∑ n≥0 α^n n! y_n(x)

Contracting with R and replacing α by V in ∂α/∂A yields the x-variables as recursion operators x_1 = R_1 − R_2V_3/2 , x_2 = R_2 , x_3 = −R_2V_1/2 + R_3 On the basis y_n, we thus have

x_1 y_n = y_{n+e1} −^1_2 n_3 y_{n+e2 −e3} x_2 y_n = y_{n+e2} x_3 y_n = y_{n+e3} −^1_2 n_1 y_{n−e1 +e2}

Finally, replacing R by x, V by D and contracting with the transpose of π‡(A(D)), yields the ACS representation of the Lie algebra

ξ̂_1 = x_1 −^1_2 x_2D_3 , ξ̂_2 = x_2 , ξ̂_3 = x_3 +^1_2 x_2D_1

which satisfy the commutation relations for the Heisenberg algebra while satisfying

exp (α_μξ̂_μ)1 = exp α_μx_μ

Example. aff(2)

We have the coordinate map

A_1(α) = α_1 α_2

(e^{α2} − 1) , A_2(α) = α_2 and π‡ = ( 1 0 A_1 1 )

The Jacobians are ∂A ∂α = ( α_1 (e^{α2} − 1)/α_2 −α_1 (e^{α2} − 1 − α_2)/α^2 0 1 )

and ∂α ∂A = ( α_2

e^{α2} − 1 α_1 α_2 − α^1 1 1 − e^{−α2} 0 1 )

from these the raising operators, recursion operators and ACS representation are found as prescribed.

IV. Conclusion

There are many points for continued study. By specializing the coordinates one can find certain elements of the Lie algebra that generate classically interesting polynomials, such as Hermite polynomials via the Heisenberg algebra. In any case, the polynomials found in the approach indicated here have particular structure depending on their associated Lie algebra. Exactly how these, the polynomials and the structure of the Lie algebra, are related in some deeper way has not been clarified.

Another source of interest is, of course, the Jacobians. One can look at Jacobians of the

form

∂A(t) ∂A(s)

, for s < t. As the Jacobians form a multiplicative family along paths, there are

some possibilities for interesting dynamical systems, or perhaps, matrix-valued stochastic processes.

Generally speaking, it looks challenging and interesting to get some detailed information for classes of higher-dimensional Lie algebras. Certain classes of Lie algebras, such as symmetric Lie algebras, may allow for general structural results.

V. References

The idea of quantum observables as we use it appears in Berceanu-Gheorghe [3].

Acknowledgments

1. First, S.R.S. VARADHAN for recognizing that someone who is interested in both analysis and algebra/group theory probably should be working with Lie groups. He was basically right, but maybe only almost as I probably get along better with Lie algebras.

2. B. GRUBER and H.D. DOEBNER my teachers in this area. They showed me what kinds of things physicists are interested in and in general how to get working with Lie algebras.

3. The main collaborators R. SCHOTT and J. KOCIK. Sine qua non’s. 4. Mike GIERING who was instrumental in bringing the pi-matrices into focus. 5. G. LETAC and coworkers for unfailing support and interest. It was in Toulouse where the “Splitting Lemma” emerged in its general form.

6. Our collaborator U. FRANZ who clarified many things.

7. W. von WALDENFELS and his school for their support and interest in these areas.

References

1. R.A. Askey and J. Wilson, Some basic hypergeometric orthogonal that generalize Jacobi polynomials, Mem. Amer. Math. Soc., 319, 1985.

2. A.O. Barut and R. Rcaczka, Theory of group representations and applications, 2nd ed., PWN, Warszawa, 1980.

3. S. Berceanu and A. Gheorghe, On equations of motion on compact Hermitian symmetric spaces, J. Math Phys.,33, 3, 998–1007 (1992).

4. F. Berezin, Quantization in complex symmetric spaces, Math. USSR Izvestia, 9 (1975), 341–379.

5. N. Bourbaki, Algèbres et groupes de Lie, Chaps. 1–3, CCLS, 1971-72. 6. C. Chevalley, Theory of Lie groups, Princeton University Press, 1946. 7. A. Di Bucchianico, Probabilistic and analytical aspects of the umbral calculus, CWI tract, 119, Amsterdam, 1997.

8. J. Dixmier, Enveloping algebras, [translated by Minerva Translations, ltd., London].

Amsterdam: North-Holland Pub. Co., 1977.

9. P. Feinsilver, Lie algebras and recurrence relations I, Acta Appl. Math., 13 (1988) 291–333.

10. P. Feinsilver and R. Schott, Vector fields and their duals, Adv. in Math., 149, 2000, 182–192.

11. P. Feinsilver and R. Schott, Algebraic structures and operator calculus, vol. 3: Representations of Lie groups, Kluwer Academic Publishers, 1996.

12. P. Feinsilver and R. Schott, Algebraic structures and operator calculus, vol. 2: Special functions and computer science, Kluwer Academic Publishers, 1994.

13. P. Feinsilver and R. Schott, Algebraic structures and operator calculus, vol. 1: Representations and probability theory, Kluwer Academic Publishers, 1993.

14. L.K. Hua, Harmonic analysis of functions of several complex variables in the classical domains, Transl. Math. Mono., 6, Amer. Math. Soc., Providence, 1963.

15. J. Humphreys, Introduction to Lie algebras and representation theory, Graduate Texts in Mathematics 9, Springer-Verlag, 1980.

16. N. Hurt, Geometric quantization in action: applications of harmonic analysis in quantum statistical mechanics and quantum field theory, Kluwer, 1983.

17. A.U. Klimyk & N. Ya. Vilenkin, Representation of Lie groups and special functions, (4 vols), Kluwer Academic Publishers, 1991-1994.

18. J. Meixner, Orthogonale Polynomsysteme mit einem besonderen Gestalt der erzeugenden Funktion, J. London. Math. Soc., 9 (1934) 6–13.

19. A. Perelomov, Generalized coherent states and applications, Springer-Verlag, 1986. 20. J. Pitman, Enumeration of trees and forests related to branching processes and random walks, in D. Aldous and J. Propp (eds.), Microsurveys in discrete probability, 41, DIMACS Ser. Discr. Math. Theor. Comp. Sci., A.M.S., Providence, RI (1998).

21. G.C. Rota (ed.), Finite operator calculus, Academic Press, 1975. 22. B.D. Taylor, Umbral presentations for polynomial sequences, Computers & Mathematics with Applications, 41, 9 (2001) 1085-1098.

23. W. Tomé, Path integrals on group manifolds, World Scientific, 1998. 24. J. Wei and E. Norman, On global representation of the solutions of linear differential equations as a product of exponentials, Proc. A.M.S., 15, 1964, 327–334.

25. J. Wei and E. Norman, Lie algebraic solution of linear differential equations, J. Math.

Phys., 4, 1963, 575–581.

26. R. Winkel, An Exponential Formula for Polynomial Vector Fields, Advances in Mathematics, 128 (1997) 190 - 216.

27. R. Winkel, An Exponential Formula for Polynomial Vector Fields (II): Lie Series, Exponential Substitution, and Rooted Trees, Advances in Mathematics,147 (1999) 260 - 303.

INDEX ACS operators, 54 Addition theorems, 25 Adjoint representation of the group, 15 adjoint representation, 1 affine algebra, 16 Analytic HW realizations, 5 Appell states and orthogonal polynomials, 42 Appell states, 41 Appell transform, 42 Associativity construction, 40 Bernoulli systems, 38 boson operators, 3 canonical boson operators, 5 Canonical polynomials and random walks, 31 canonical polynomials, 31 canonical systems, 12 Canonical variables in the nonabelian case, 55 Cartan decomposition, 47 characteristic equations, 17 coherent state representation, 7 coherent state, 6 Coherent states and CSR’s for sl(2), 7 commutator, 1 commute, 2 Convolutions and Orthogonal functions, 37 coordinates of the first kind, 19 coordinates of the second kind, 19

CSR’s for HW, 7 Definition of general Appell states, 41 derivation, 35 difference operator, 4 Differential recurrence relations, 26 Dirac notation, 1 Double dual, 23 Dual approach, 34 Evolution equation and Hamiltonian flow, 10 Examples in probability theory, 3 Fourier-Laplace transforms and Meixner systems, 43 Gaussian, 3 group law, 14 Heisenberg-Hamiltonian equations of motion, 10 Heisenberg-Weyl, 2 Hermite polynomials, 4 Inversion of analytic functions, 33 Jacobi identity, 1 Jacobian of the coordinate map, 54 kernels, 37 Leibniz function, 6 Lie algebra, 1 Lie algebras, 1 Lie canonical system, 46 Lie canonical systems and quantum observables, 46 Meixner classes, 45 Meixner polynomials and operator calculus, 45

Meixner systems, 44 moment polynomials, 11 moment polynomials, 3 orthogonality and convolution, 37 Pi-matrices, 18 Poisson, 4 Poisson-Charlier polynomials, 4 Probabilities and means, 38 Raising and lowering operators revisited, 5 Raising and lowering operators, 1 recursion operators, 53 Representations of HW, 2 Representations of sl(2), 7 Splitting lemma, 19 stochastic formulation, 11 structure constants, 2 symbol, 28 symmetric Lie algebra, 46 universal enveloping algebra, 14 vacuum state, 1 vector space, 1 velocity operator, 1